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Abstract

We develop a unified analysis of how information captures attention. A deci-
sion maker (DM) faces a dynamic information structure and decides when to stop
paying attention. We characterize the convex-order frontier and extreme points
of feasible stopping times, as well as dynamic information structures which im-
plement them. This delivers the form of optimal attention capture as a function
of the designer and DM'’s relative time preferences. Intertemporal commitment is
unnecessary: sequentially optimal information structures always exist by induc-
ing stochastic interim beliefs. We further analyze optimal attention capture under
noninstrumental value for information. Our results speak directly to the attention
economy.
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1 INTRODUCTION

The modern age is brimming with information. Yet, our access to it is mediated by plat-
forms which funnel our attention toward algorithmically curated streams of content—
articles to digest, videos to watch, feeds to scroll—which we have little control over.
These platforms, in turn, generate revenue through advertisements; their business,
therefore, is to capture, repackage, and monetize attention.

Motivated by these developments,’ we study the extent to which information can
be used to capture attention. A designer (they) controls a decision maker’s (DM, she)
knowledge of an uncertain state by choosing some dynamic information structure
which specifies, for each history of past messages, a distribution over future messages.
The DM values information instrumentally” and, at each point in time, chooses be-
tween observing more information and stopping to act. On some paths of realized
messages, the DM might become quickly become confident and stop to act; on other
paths, she might observe contradictory signals and so finds it worthwhile to wait for
more information. Hence, dynamic information structures induce distributions over
the DM’s optimal stopping times. How should a designer who values attention pro-
vide information over time?

Our contribution is to give a relatively complete characterization of (i) all stopping
times achievable through information and properties of dynamic information struc-
tures which implement them; (ii) dynamic information structures which optimally cap-
ture attention via a characterization of the convex-order frontier and etxreme-points of
feasbile stopping times; (iii) the requisite degree of intertemporal commitment (none);
(iv) optimal attention capture when information is valued noninstrumentally; and (v)
optimal dynamic information when the designer values both attention and persuasion
separably.

1.1 Outline of contribution.

Reduction to deterministic, increasing, and maximal belief paths. Our first result
(Theorem 1) establishes a reduction principle: any feasible distribution over stopping
times can be implemented with a special class of dynamic information structures such
that upon stopping, DM learns the state perfectly and upon continuing, the DM’s con-
tinuation beliefs follow a deterministic path which is (i) increasing: the longer she waits,
the more uncertain she becomes; and (ii) maximal: at each time step her continuation
beliefs move as much as the martingale condition allows. This is represented by the
top arrow in Figure 1.

Conceptually, the reduction principle highlights the key role that increasing con-
tinuation belief paths play in shaping dynamic continuation incentives. A distinctive

IPlatforms are typically paid per ‘impression” (view) or ‘click’. In the first quarter of 2022, 97% of
Facebook’s revenue, 81% of Google’s revenue, and 92% of Twitter’s revenue came from advertising.

2Information can, of course, have noninstrumental value e.g., Kreps and Porteus (1978). In Section 6
we study optimal attention capture when information is valued noninstrumentally in the sense of Ely,
Frankel, and Kamenica (2015).



feature of attention capture is that the DM’s value for information over time depends
on her interim belief which is itself endogenous to the dynamic information structure—
this is a margin along which the designer exploits. Practically, the reduction principle
ensures continuation histories do not branch: conditional on continuing until time ¢,
DM’s beliefs are uniquely pinned down by the continuation belief path. This simplifies
the designer’s problem to whether we can find a continuation belief path supporting a
target distribution over stopping times.

Optimal attention capture via convex-orders and extreme points. We next turn to
the structure of optimal attention capture. We completely characterization of the convex-
order frontier over the set of feasible stopping times (Theorem 2 (i)). Distributions on
the convex-order frontier are supported by increasing and maximal belief paths which
keep the DM indifferent between continuing and stopping at each point in time. This
is depicted by the second arrow in Figure 1. Thus, increasingness and maximality are
both sufficient to achieve any feasible stopping time and necessary to achieve the convex

frontier.

Figure 1: Connections between aspects of attention capture
Dynamic information Distributions over
structures stopping times

Deterministic,
increasing,
and maximal

»@® distributions
:::::r:::;' \\ / ( Convex-order
o Characterization frontier
and maximal of extreme points
and convex-order

optimal
Block F info frontier (Theroem 2) > @optimal Extreme
"4 distribution points

Reduction pnnclple Feasible
(Theorem 1)

structure .

structures

ol ' No commitment gap
belie (Theorem 3)
and attention capture
se uenlla\l optimal L4 with suspense
. o Siractre (Theorem 4)
& cptlmal under
suspense utility

Our results offer a transparent perspective on the form of optimal attention with an
arbitrary number of states, arbitrary DM decision problems, and arbitrary (but addi-
tively separable) designer and DM time preferences. When the designer’s time prefer-
ences are more convex than that of the DM’s, optimal dynamic information structures
must generate full information at a time-inhomogeneous geometric rate which keeps
the DM indifferent and induces increasing and maximal continuation belief paths.
Conversely, when the designer’s preferences are more concave than that of the DM’s,
optimal dynamic information structures induces no movement in interim beliefs until
full information arrives at a fixed time.

We further analyze optimal attention capture with arbitrary designer value and ar-
bitrary DM costs. This allows us to understand environments beyond convex/concave
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preferences e.g., ‘S-shaped’ response curves commonly studied in the marketing liter-

3 coincide

ature. We show that extreme points of the set of feasible stopping times
exactly with those induced by dynamic information with block structures such that the
support of the stopping times are the times at which the DM is indifferent between
stopping and continuing (Theorem 2 (ii)).* This is depicted by the third arrow in Fig-
ure 1. That is, time is partitioned into blocks: in the interior of each block, the DM
never receives information; at the boundaries, the DM has some chance to learn the
state but, if she does not, is indifferent between continuing and stopping. Our tight
characterization of the extreme points of this set are distinct from those of majoriza-
tion (Kleiner, Moldovanu, and Strack, 2021): feasibility of stopping times is strictly
more stringent than either being majorized by, or majorizing another feasible stopping
time.”> This might be of interest in future work on dynamic mechanism or information
design where constraints on the conditional distribution feature prominently.®

Economically, block structures have the natural interpretation as the policy of a
platform that controls the duration of advertisements (length of each block). Over the
duration of each advertisement (interior of each block), the DM receives no informa-
tion; at the end of each advertisement, the designer gives the DM full information with
some probability, otherwise it shows the DM yet another advertisement at which point
the DM is indifferent between continuing and stopping.” Crucially, since the DM has
already sunk her attention costs, conditional on being shown yet another advertise-
ment, she finds it weakly optimal to continue paying attention although she might
have been better-off not paying attention in the first place.

Sequential optimality. In much of the paper we will assume the designer can commit
to provision of future information. This promise, in turn, incentivizes the DM to pay
attention in the present. We show that intertemporal commitment is unnecessary (The-
orem 3): optimal information structures always have sequentially optimal modifications.
This is represented by the bottom arrow in Figure 1. We give an explicit procedure of
such modifications: the designer spreads interim beliefs randomly such as to raise the
DM’s interim outside option. This, in turn, ensures that at future histories the designer
finds it optimal to follow through with the promised information. Sequentially opti-
mal modifications exploit the irreversibility of information: once the cat is out of the
bag, it cannot be coaxed back in since, as soon as the DM’s beliefs have moved, there is
no way to systematically undo it—any further movement in the DM’s belief is subject
to a martingale constraint relative to her new belief. This is a distinctive property of
information with no analog in mechanism design and it allows designer to bind their

3When the DM’s prior is such that her value for information is maximized.

4With the possible exception of a pair of boundary times.

°It is more evidently distinct from the set of extreme points of first-order stochastic dominance (Yang
and Zentefis, 2023).

®For instance, the convex-order frontier of majorization developed in Kleiner, Moldovanu, and Strack
(2021) has been productively used in security design (Gershkov, Moldovanu, Strack, and Zhang, 2024).

“For instance, this is the form of advertisements (ads) on popular streaming platforms such as
Youtube, Spotify, and Tiktok which frequently show users “unskippable’ ads. Such platforms conduct
extensive optimization over the type, duration, and number of ads users see.
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future selves to follow through with the promised information.

Attention capture with non-instrumental value of information. We next turn to the
question of how attention should be optimally captured when the DM has noninstru-
mental value for information. We suppose that the DM obtains flow utility from sus-
pense (Ely, Frankel, and Kamenica, 2015) which is the expected variation in beliefs
between periods. Just as a sports fan might turn off the television after one team ac-
cumulates an insurmountable lead, the DM optimally chooses when to stop paying
attention by weighing her future suspense utility against the additional cost of wait-
ing. We show that optimal attention under suspense utility has a tight and surprising
connection with sequentially optimal attention capture when information is valued
instrumentally (Theorem 4). Exploiting this connection, we explicitly characterize op-
timal dynamic information structures when the designer has convex or concave value
of attention. When the designer’s value for attention is concave, optimal structures
have stochastic continuation belief paths and deterministically portions out suspense
over time. When the designer’s value is convex, optimal structures have deterministic
continuation belief paths and stochastically portions out suspense over time.

Attention capture with persuasion motives. For much of the paper we focus on a
designer who purely values attention. Nonetheless, we show that attention capture
remains a prominent force even in environments with additively separable persuasion
motives e.g., a platform with multiple revenue steams from selling ads (attention) and
commissions (persuasion). We show that the optimal dynamic information structure
is bang-bang (Theorem 5): they either focuses on extracting attention (such that our
results on optimal attention capture apply exactly), or persuades in one-shot at a fixed,
deterministic time T.5

1.2 Related literature.

Dynamic information design. Our paper most closely relates to the recent literature
on dynamic information design with forward-looking agents (Ely and Szydlowski,
2020; Smolin, 2021; Zhao, Mezzetti, Renou, and Tomala, 2020; Ball, 2023; Orlov, Skrzy-
pacz, and Zryumov, 2020; Knoepfle, 2020; Hébert and Zhong, 2022).? Our contribution
is distinct in several regards.

First, the reduction principle we develop is a tool for understanding all stopping
times which can arise through information.!” This allows us to fully solve the prob-

8Methodologically, we develop a switching lemma which shows how to modify the correlation be-
tween stopping beliefs and stopping times while preserving the marginals and dynamic obedience con-
straints; and a pasting lemma which shows how to dynamically perturb continuation beliefs. These tech-
niques are similar in spirit to path perturbation methods in the recent mathematics literature on optimal
Skorokhod embeddings (Beiglbock, Cox, and Huesmann, 2017).

9See also Renault, Solan, and Vieille (2017) and Ely (2017) for early work on dynamic information
design with myopic agents. Doval and Ely (2020) develop a framework for information design in exten-
sive form games. De Oliveira and Lamba (2023) develop the notion of deviation rules to study which
dynamic choices can be rationalized by information.

O1ndeed, the “all-or-nothing” information structure of Knoepfle (2020), and Poisson structures used



lem of a designer with arbitrary nonlinear preferences over DM’s stopping times, and
stands in contrast to much of the recent literature which studies the linear case by ex-
amining the time-0 obedience constraint (Knoepfle, 2020; Hébert and Zhong, 2022).11
To do so, we develop a tight characterization of the convex-order frontier and extreme
points over the set of feasible stopping times. This set imposes constraints on the condi-
tional distribution over stopping times and is distinct from majorization or first-order
stochastic dominance (Kleiner, Moldovanu, and Strack, 2021; Yang and Zentefis, 2023).
Second, we solve the problem of a designer with additive preferences over both the
DM'’s action as in (Kamenica and Gentzkow, 2011) as well as stopping time. To our
knowledge, this has not been previously studied.!? Third, we show there is no com-
mitment gap which highlights a novel role of information not simply as a carrot to in-
centivize attention, but as a stick for the designer to discipline their future self. Finally,
we study dynamic information design when information is valued noninstrumentally.
This builds on an important paper of Ely, Frankel, and Kamenica (2015) who develop
the notion of suspense and surprise. They characterize dynamic information structures
which maximize suspense utility for a fixed time horizon T. We complement their anal-
ysis by characterizing optimal dynamic information to extract attention when the DM
stops paying attention optimally such that the time horizon is endogenous.
Subsequent work has built on our analysis (Koh, Sanguanmoo, and Zhong, 2024;
Saeedi, Shen, and Shourideh, 2024); we discuss each paper in turn. Koh, Sanguanmoo,
and Zhong (2024) focuses on implementing joint distributions over actions, states, and
stopping times. This is a more general environment but our results are non-nested and
complementary.’® In in this paper we focus on aspects distinct to attention capture
which allows us to better understand the (i) structural properties of dynamic infor-
mation: e.g., how interim beliefs are steered, whether they should be deterministic
vs random; and (ii) convex-order frontier and extreme points over all feasible stopping
times: we use this to obtain general results on the structure of optimal attention capture
which (to our knowledge) cannot be obtained from the duality approaches developed
in both Koh, Sanguanmoo, and Zhong (2024) and Saeedi, Shen, and Shourideh (2024).
More related is Saeedi, Shen, and Shourideh (2024) who also study attention cap-
ture, albeit with exponential discounting. Our papers differ in at least two substantial
regards. First, our results deliver sharp insights into the structural properties of dynamic
information structures such as belief paths which cannot be obtained via duality meth-
ods. Belief paths are fundamental since (endogenous) interim beliefs shape interim
continuation incentives; we develop a relatively complete analysis of these objects, and

in Orlov, Skrzypacz, and Zryumov (2020) and Hébert and Zhong (2022) can be viewed as within this
class although our models are non-nested.

1Our work characterizing optimal structures in nonlinear settings complements the recent progress in
static persuasion when designer preferences over DM’s actions are nonlinear (Dworczak and Kolotilin,
2022; Kolotilin, Corrao, and Wolitzky, 2022).

12Several papers study dynamic persuasion with constraints on the information structure and the
designer cares only about DM’s action (Che, Kim, and Mierendorff, 2023; Escudé and Sinander, 2023).

13We emphasize that in Koh, Sanguanmoo, and Zhong (2024) we write that the environment there
“fully nests” that of the present paper, but the results are non-nested.



show how they matter for capturing attention.'* Second, we study the set of all feasible
stopping times and characterize its convex-order frontier as well as extreme points. We
focus on a DM with additively separable time costs which allows us to obtain general
and transparent insights into optimal dynamic information for many states and ar-
bitrary decision problems without reliance on functional forms. The results in Saeedi,
Shen, and Shourideh (2024) on optimal dynamic information hold for binary states and
exponential discounting, but are qualitatively similar to Corollaries 1-3 of this paper.
Beyond the common prior case, we pursue different behavioral extensions: Saeedi,
Shen, and Shourideh (2024) study the important case of non-common priors while we
study noninstrumental value for information.

Sequential learning. We also contribute to the literature on sequential learning, ex-
perimentation, and optimal stopping starting from Wald (1947) and Arrow, Blackwell,
and Girshick (1949). One set of papers explore settings in which the DM’s attention
is optimally allocated across several exogenous and stationary information sources
(Austen-Smith and Martinelli, 2018; Che and Mierendorff, 2019; Gossner, Steiner, and
Stewart, 2021; Liang, Mu, and Syrgkanis, 2022).15 In our setting, the DM only faces a
single source of information and our motivation is to understand how distributions of
stopping times vary with the information structure. Fudenberg, Strack, and Strzalecki
(2018) study the tradeoff between a DM’s speed and accuracy within an uncertain-
difference drift-diffusion model driven by Brownian signals. The reduction principle
as well as our characterization of the extreme points over distributions of feasible stop-
ping times pave the way to more general analyses of speed vs accuracy tradeoff over
all possible information structures.

Outline. The rest of the paper is organized as follows. Section 2 develops the model;
Section 3 develops the reduction principle; Section 4 analyzes optimal attention capture
and, en-route, characterizes the convex-order frontier and extreme points of feasbile
stopping times; Section 5 establishes that there is no commitment gap; Section 6 studies
attention capture under noninstrumental value of information; Section 7 characterizes
optimal structures to jointly extract attention and persuade; Section 8 concludes.

2 MODEL

Time is discrete and infinite, indexed by 7 = 0,1,2.... The state space ® and action
space A are finite. State § € ® is drawn from a common full-support prior yy € A(®).

14We identify key properties of belief paths which are sufficient to implement any feasible stopping
time as well as necessary to achieve the convex-order frontier. We also show that whether interim beliefs
are degenerate vs random matters crucially for sequentially optimality as well as attention capture under
suspense utility.

15Gee also Zhong (2022) who studies a setting in which the DM can flexibly acquire any dynamic
information structure at some cost which is increasing in how quickly information reduces uncertainty.



Decision maker’s preferences. A decision maker (DM)’s payoff from taking action
a € A under state § € © attime T € 7 is
v(a,0,7) :=u(a,0)—c-T

where u : A x ® — Ris an arbitrary decision problem and ¢ > 0 is a constant per-unit
cost of waiting. Constant waiting costs are standard in the literature on optimal stop-
ping (see, e.g., Fudenberg, Strack, and Strzalecki (2018); Che and Mierendorff (2019);
Che, Kim, and Mierendorff (2023); Auster, Che, and Mierendorff (2024) among many
others). More importantly, we think additively separabie costs are particularly apt for
modelling attention capture: the cost of attention is not merely delay (which might
shrink the value of the decision problem) but an opportunity cost since attending to
one thing entails neglecting another.

We also emphasize that our use of constant cost per-unit time is purely a normaliza-
tion; our results extend to nonlinear but additively separable costs via a simple time-
change. Hence, statements about the shape of f can be equivalently be interpreted
as statements about relative shapes of the designer’s value function f(t) vis-a-vis the
DM'’s nonlinear cost c(t); we formalize this in Online Appendix I11.1°

Dynamic information structures. A dynamic information structure specifies, for each
history of past beliefs, a distribution over the next period’s beliefs subject to a martin-
gale constraint. Let I € A([];>1 A(®)) be a distribution over belief paths where (j;);
is a typical realization. Call H; := (us)s<; a time-t history. Let I;1(-|H;) denote the
conditional distribution over the next period’s beliefs. Say the history H; realizes with
positive probability if {(ps)s @ (ts)s<t = Ht} C supp (I) i.e., if paths where the first ¢
periods agrees with H; are contained in the support of I. I is a dynamic information
structure if it is the law of a martingale (with respect to the natural filtration generated

).17

by its histories).”” Let Z be the set of all dynamic information structures.

Measures under different dynamic information structures. We will often vary the
dynamic information structure to understand how variables of interest (e.g., probabil-
ities of histories, incentive compatibility constraints etc.) change. To this end, we will
use E![-] and P!(+) to denote expectations and probabilities under dynamic informa-
tion structure I € Z. Throughout this paper we will typically use superscripts to track
dynamic information structures, and subscripts to track time periods.

Decision maker’s problem. Facing I € Z, DM solves

sup IEI[v(aT, 6,71)],

T,ar

16For instance, statements holding for convex f(t) can equivalently be interpreted as statements about
f oc™! convex for some strictly increasing cost function ¢ : 7 — R.

7Note future information could depend on past decisions (Makris and Renou, 2023). In our setting,
at time ¢ there is a unique sequence of decisions (wait until ) so our formulation is without loss. Further,
although we have associated dynamic information structures directly with belief martingales, it is well-
known that dynamic information can convey information about both the state (via beliefs) as well as
the continuation information structure. All our results hold for this slightly wider class; see Appendix.
Nonetheless, optimal dynamic information will not require this distinction so we work directly with
belief martingales (which remain optimal with respect to this wider class).



where T is a stopping time and a; is a (stochastic) action under the natural filtration.
Throughout we will assume (i) the DM breaks indifferences in favour of not stopping
to ensure that the set of feasible distributions over stopping times is closed; and (ii) T
is almost-surely finite which is guaranteed by weak regularity assumptions on v.

Thus, each information structure I € Z induces a joint distribution over outcomes
which arises as a solution to the DM’s problem. We will sometimes use 7(I) to empha-
size the dependence of the agent’s stopping time on I.

Definition 1 (Feasible distributions). Define d(I) € A(T) as the distribution over stop-
ping times induced by I. For a set Z' C Z, define D(Z’) := {d(I) : I € I’} as set of
distributions induced by structures in Z'. Say that d € A(T) is feasible if d € D(Z).

Designer’s problem. There is a designer with preferences over the DM’s stopping
time f : 7 — IR which is strictly increasing. The designer’s problem is

sup E'[f(z(1))],
IeT

noting that the supremum is taken over the whole space of dynamic information struc-
tures. The set of feasible stopping times is closed and we will assume enough regular-
ity assumptions on f to ensure the supremum is obtained.'®

Discussion of model. We briefly discuss aspects our model.

¢ Intertemporal commitment. Our formulation of the designer’s problem is such that
the designer first chooses I, then the DM stops optimally given information gen-
erated by I. In Section 5 we show that this can be relaxed completely. We do so
by showing constructively that every optimal structure has a sequentially opti-
mal modification which induces random interim beliefs.

* Instrumental value of information. In our baseline model, the DM values informa-
tion instrumentally to make a better decision. In Section 6 we solve for designer-
optimal structures when the DM values suspense.

* Pure attention capture. In our baseline model, we analyze the case in which the
designer aims to extract attention. We view this as a first-order concern in many
environments e.g., platforms where attention is the primary source of revenue.
In Section 7 we show that the form of optimal attention capture remains similar
when the designer values both attention and persuasion separably.

3 THE STRUCTURE OF DYNAMIC INFORMATION

We introduce a special class of information structures which will play a crucial role for
analyzing feasible distributions over stopping times.

Definition 2 (Full revelation with deterministic continuation beliefs). I is full-revelation
with deterministic continuation beliefs if there exists a deterministic belief path (u$); €
A(®)7 such that for any H; which realizes with positive probability,

18Gee Online Appendix I for a formal discussion.



(i) Continuation beliefs follow the belief path (u); and stopping beliefs are full-
revelation: supp i1 (- |H) € {nS1} U {6 : 0 € ©};

(i) Recommendations are obedient: for each t, DM prefers to continue at history
H; = (u$)s<¢ and stop at Hy = (po, u$, ... uS 1, 0p).

Dynamic information structures which are full-revelation with deterministic con-
tinuation beliefs are depicted in Figure 2 which shows histories on the left, and sample
belief paths on the right for ® = {0, 1} so that ji; is the belief that the state is 1.

Figure 2: Illustration of full revelation and deterministic structures
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Definition 3 (Increasing belief paths and basin of uncertainty). The belief path (u); €
A(®)7 is increasing if (¢(uS)); is increasing in t where

¢() := Ey|maxu(a,0)] — maxEy[u(a,0)]

(. J/ (. J/

Expect;a utility Expect;a utility
under full info acting under u

is the additional value of full information at belief 1. Define the maximum value of ¢
as ¢* := max, c, (@) ¢(#)- Further define @ := argmax . ;@) ¢ (1) as the convex set of
beliefs for which the DM’s utility from obtaining full information relative to stopping
immediately is maximized; we will often refer to ®* as the basin of uncertainty.

Definition 4 (Maximal belief paths). The belief path (uS); € A(®)7 is maximal for the
stopping time 7 if for each t € T,

P(r>t+1) W (9)
C g — — ) A
Hiva Plr>1) 56 4T, (0)

Maximality is a by-product of the martingale condition on beliefs. For instance,
consider a full revelation and deterministic dynamic information structure with con-
tinuation belief paths (u$);. If the induced stopping time is P!(t = t + 1|t > t) = 0,
then continuation beliefs cannot move between times t and ¢ 4 1: since the DM never
learns anything at time t + 1, the absence of full information is entirely uninformative.

¢ is continuous and concave since 1 — E,[max,e 4 1(a,0)] is linear and y — maxea Ey [u(a,0)] is
convex.
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This is reflected by the condition of maximality since P(t > t) = P(t > t+1) so
c_,C
Kt = Bt

Figure 3: Illustration of increasing and maximal paths
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Increasingness imposes structure on the direction that continuation beliefs move:
they must steer the DM toward regions of increasing uncertainty; maximality imposes
structure on the magnitude that continuation beliefs move: they must move as much as
possible given the stopping time. Both properties are depicted in Figure 3. The dot-
ted line in Panel (a) depicts an increasing continuation belief path while the solid line
depicts a nonincreasing path where the blue portions correspond to strictly decreasing
segments. Panel (b) depicts maximality for |®| = 3: the time- continuation belief u$
together with the stopping time pin down the degree to which time-t 4- 1 continuation
beliefs can move; this is depicted by the grey triangle. Maximality requires that ytc+1
lie on this boundary.

Let Z* C 7 be the set of full-revelation structures with deterministic, increasing,
and maximal continuation beliefs.

Theorem 1 (Reduction principle). Every feasible distribution over stopping times can be
implemented with full-revelation and deterministic structures with increasing and maximal
belief paths i.e., D(Z) = D(Z*).

An attractive property of structures with deterministic continuation beliefs is con-
tinuation histories do not branch—conditional on paying attention up to ¢, there is
a unique continuation history. Hence, Theorem 1 drastically prunes the space of dy-
namic information structures and turns the designer’s problem into looking for a target
distribution over stopping times and a deterministic and increasing continuation be-
lief path which can support it.”’ We will subsequently use this to understand optimal
attention capture.

20Since continuation histories do not branch, the number of dynamic incentive constraints grow lin-
early (rather than exponentially) in time.
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Conceptually, Theorem 1 highlights the importance of increasing and maximal con-
tinuation belief paths for optimal stopping when the space of dynamic information
structures is unrestricted. Although continuation beliefs are (on-path) unobserved by
an analyst observing the DM’s stopping time, it nonetheless plays a crucial role in the
background by shaping her interim value for information and hence her continuation
incentives.

Proof sketch of Theorem 1. Suppose that © = {0,1} so we associate beliefs with
probability that the state is 1. The DM’s decision problem is symmetric, stationary, and
her prior is uniform. Fix an iid symmetric information structure I € Z and suppose
the DM’s optimal stopping decision is characterized by a stopping boundary which is
constant in time.

Figure 4: Illustration of contracting belief paths
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Now consider the following modification of I: for the histories at which the DM
stops (i.e., beliefs under I cross the stopping boundary), modify the information struc-
ture to instead deliver full information. Next, for each time s under the original infor-
mation structure, there will be some some paths which have yet to hit the boundary. On
such histories, DM finds it optimal to continue. The distribution of beliefs associated
with these histories are depicted on the left of Figure 4. Collapse these continuation
paths into a single history which, by the symmetry of our environment, is associated
with belief 1/2. Call this new information structure I'.

Observe that for each time ¢, the DM has weakly higher continuation value since, at
stopping histories under I, she now learns the state perfectly under I’. Moreover, the
DM found it optimal to pay attention at each continuation history under the original
information structure. Hence, since payoffs are convex in beliefs, contracting continu-
ation beliefs must depress the DM’s stopping utility so that she also finds it optimal to
pay attention at the new collapsed belief. Moreover, 1/2 remains a mean-preserving
contraction of stopping beliefs so I’ is a valid dynamic information structure. Finally,
observe that I’ and I induce the same distribution over stopping times since, by con-
struction, for every belief path on the original structure I (depicted in red on right of
Figure 4), we instead deliver full information with identical probability under I’ (one
such path is depicted in blue).

The argument for increasingness and maximality is more involved. The underly-
ing intuition is that by making the DM progressively more uncertain as much as the
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martingale condition allows, this endogenously increases the value of all future infor-
mation which, in turn, slackens future incentives to pay attention. This is depicted in
Figure 3 (i) where the grey dashed lines are the level sets of ¢. Starting from an initial
belief path (u); depicted by the solid red line which is strictly decreasing in ¢ over
the blue portions, we can “iterative iron” such paths to construct an alternate path
(i5)¢ which are increasing in ¢ while preserving both the stopping time and dynamic
continuation incentives.

The proof of Theorem 1 in Appendix A makes these arguments precise. Our proce-
dure of collapsing continuation histories is conceptually related to revelation-principle
type arguments: collapsing continuation histories pushes down the value of the DM’s
best deviation; fully revealing the state at stopping histories pushes up the value of
continuation.?! Our observation is that we can do this dynamically while replicating
the distribution over stopping times and preserving continuation incentives at all other
times and histories.

3.1 Designer-optimal structures extract all surplus. A further observation is that the
DM'’s surplus is zero across all designer-optimal structures. Hence, even if there are
substantial gains from trade e.g., the designer values the DM’s attention more than
the DM’s cost of delay, designer-optimal structures always hold the DM down to her
outside op’cion.22 Remarkably, we will later see (Section 5) that this remains true when
the designer has no intertemporal commitment.

Proposition 1. If the designer’s value for DM’s stopping time is strictly increasing, every
designer-optimal structure extracts all surplus from the DM i.e.,

I . . I* .
I € argmax; ;B [f(T)] implies r?gTX]E [v(a,0,T)] — aerfﬁlli)e(TlEewyo [v(a,6,t)] = 0.
DM’s util;try under I* DM'’s utilitﬁnder no info

3.2 Reduction to stopping times and belief paths. 1 converts the problem of opti-
mizing over dynamic information structures into simply choosing a stopping time T
and belief path (u$): subject to the following constraints they impose on each other:

Lemma 1. The following are equivalent:

1. There exists a full-revelation structure with deterministic continuation belief paths I &
T* which induces stopping time T and belief path (u$ )7

2. The following conditions are fulfilled:
o(uS) > Elct | 7> t] —ctforeveryt € T (Obedience)
Pl(t > t+1)us 1 (8) <PI(t > t)uf (0) foreveryt € T and 6 € ® (Boundary)

ZSee, e.g., Myerson (1986); Forges (1986). More recently, Ely (2017) develops an ‘obfuscation principle’
which, roughly, states that the designer can simply tell the DM what her beliefs should be after every
history.

22Indeed, this is true for more general designer preferences over actions, states, and stopping times as
long as the designer values attention.
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Obedience is the usual constraint that at each time ¢, the DM must find it optimal
to continue paying attention, noting that the DM’s outside option from stopping to act
is given by her continuation belief 1#¢. Boundary imposes a constraint on the degree
to which beliefs can move between periods and is directly implied by the martingale
condition at time ¢. Say that the stopping time distribution-belief path pair (d, u%) is
feasible if it fulfils the obedience and boundary conditions.

Moreover, from Theorem 1, to implement any feasible distribution 4, it is sufficient
to restrict ourselves to increasing and maximal belief paths uC. It will turn out that
these conditions are also necessary to achieve the convex-order frontier among the set
of feasible stopping times.

4 OPTIMAL ATTENTION CAPTURE

From Theorem 1 and Lemma 1 we move optimizing over dynamic information struc-
tures max;c7 E'[f ()] to
max  Bua0)
(46°)
€A(T)x(a(@))7

s.t. Obedience and Boundary.

For expositional simplicity we focus on the case with nonlinear value of attention f
and linear waiting costs (constant per-unit time). This can equivalently interpreted as
an analysis of the relative shapes of the designer’s value to the DM’s cost of attention.
That is, our results can be exactly translated to the environment in which the designer’s
valueis f : T — R, the DM’s costis ¢ : 7 — IR, and the designer maximizes f o c L

We first characterize the convex-order frontier of feasible stopping times, as well
as—when beliefs start in the basin of uncertainty—the extreme points of feasible stop-
ping times. Then, solutions to the designer’s problem follow readily.

4.1 Characterization of convex-order frontier and extreme points. We recall some
basic definitions. Ford,d’ € A(T), say thatd dominates d’ in the convex order (denoted
d > d') if for any convex function f : T — R, E;4[f(7)] > E._z[f(7)]. Note that
this implies mean-preservation. Say that d strictly dominates d’ in the convex order
(d ¢y d') if the inequality is strict for some convex function f. We begin with two key
definitions.

Definition 5 (Indifferent, increasing, and maximal (IIM) distributions). Let

(i) FuC s.t. (d, uC) is feasible, u© increasing and maximal
DIM.— Lde AT): Obedience binds for all £ > 1;

(i) (d, u©) feasible = uC increasing and maximal
Part (i) states that every distribution d € D'MM can be feasibly supported by an increas-
ing and maximal belief path 4 which keeps the DM’s Obedience constraint binding
for all times > 1. Part (ii) states that increasingness and maximality are furthermore
necessary to support distributions in DM,
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Definition 6 (Block structure). The feasible pair (d, u€) is a block structure if there
exists a sequence of times (f;)!_; where t; < t, < t3... and, if n < +oo, a pair of

terminal times TER := {t,41, ty12} where t, < t, 11 < t, 42 such that
supp T = IND(d, u“) UTER = {t;}I42,

where IND(d, u©) := {t € T : Obedience binds at time t}

are the set of times at which the DM is indifferent. Let ZBLOCK denote the set of block
structures.

Block structures are such that the support of the stopping time supp d coincides
with indifference times with the possible exception of a pair of terminal times. We are
now ready to state our chracterization of the convex-order frontier and extreme points.

Theorem 2. Let D := {d € D(I) : E. 4[| = s} be the set of feasible stopping times with
mean s € [0, p(uo)/c|.

(i) Characterization of convex order. For any d € Ds, there exists an indifferent, in-
creasing, and maximal distribution d""™ € DM for which

dHM ECX d ECX dDET

where P_yoer(|s] < T < [s]) = 1. This implies if d ¢ DM then it is not on the
convex-order frontier i.e., the first relation is strict.

(ii) Characterization of extreme points. If ug € ®* or |©| = |A| = 2, block structures
induce extreme points of feasible stopping times:

D(ZPLOK) N D, = Ext(Ds).

Discussion of Theorem 2. Theorem 2 (i) gives a characterization of the stopping
times and continuation belief paths which attain the convex-order frontier. In Theorem
1 we previously slowed that those which were increasing and maximal were always
sufficient to obtain any feasible distribution over stopping times. Theorem 2 (i) shows
that such properties are also necessary to attain the convex frontier.

Distributions which attain the convex-order frontier are those which keep the DM
indifferent between continuing to pay attention and stopping for all times t > 1. When
the DM’s beliefs start inside the basin of uncertainty (yg € ®*) or |®| = 2, there is a
feasible stopping time which dominates all others in the convex-order frontier; if not,
the convex-order frontier will typically comprise a family of distributions because there
can be multiple increasing and maximal belief paths which keep the DM indifferent.
Figure 5 illustrates indifferent, increasing, and maximal distributions associated with
different belief paths for |®| = 3. Starting from the prior in the bottom right, the DM
initially has value ¢(ug) for full information; as her beliefs are progressively steered
towards the basin, she increasingly values information more. First consider the blue
line with depicts a “direct” increasing path from i to ®* along which the DM’s beliefs
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are steered.”> By Theorem 2 (i), such the DM’s belief paths must also be maximal
so, together with DM indifference, the “speed” at which the DM’s beliefs move along
this blue line are pinned down by the boundary condition. The CDF of the induced
distribution over stopping times is depicted by the blue line in Panel (b): the DM first
receives full information at an elevated rate. This is driven by two distinct forces: first,
while the DM’s beliefs are outside the basin, she values information less. Thus, to
entice her to pay attention, information must arrive at an elevated rate; second, the
blue path steers beliefs “directly” to the basin but, to do so, the designer must offer an
elevated probability of learning the state such as to generate the requisite movement
in continuation beliefs.

Figure 5: Illustration of convex-order frontier
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fu.ill ilnforpwcajtio? arrmes - full information arrives -
at elevated rate while at geometric rate ¢ / ¢*
(P(y'O) Bg's'ﬁ,fs are steered to upon reaching basin time t
(a) Belief paths on the convex-order frontier (b) CDFs comprising convex-order frontier

Now consider the red path in panel (a) of Figure 5 which depicts an “indirect” in-
creasing path from p to ®*. Once again, from Theorem 2 (i), to support a distribution
on the convex frontier, such paths must be maximal so the “speed” at which the DM’s
belief move along this red line is pinned down and corresponds to a slower path to
the basin. The red line in panel (b) of Figure 5 depicts the CDF of the indifferent, in-
different, and maximal stopping time associated with the red line. Compared to the
distribution associated with the blue line, slower paths to the basin allow for lower
probability of early stopping since the requisite movement in continuation beliefs is
lower. However, this also means the basin at which the DM’s value for information is
reached later, which delays the time at which attention can be maximally extracted.

Theorem 2 (ii) goes beyond the convex-order frontier to characterize extreme points
of feasible stopping times when the DM’s prior starts in the basin (g € ©*) or the state
and action spaces are binary: block structures exactly implement these extreme points.
The CDFs of various extreme points of feasible distributions with the same mean s is
illustrated in Figure 6.2

ZLoosely, this means that the path is everywhere perpendicular to the contour lines of ¢ (as with the
blue line in Figure 5 (a).
24Note that under the conditions of Theorem 2 (ii) (49 € ®* or |®| = |A| = 2) there is a unique

16



Figure 6: Distributions induced by block structures
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Block structures have the property of “indifference or nothing” before the terminal
times: if the DM has a chance to stop, she is kept indifferent between continuing and
stopping. This loosely resembles an important characterization of extreme points of

).2> However, the constraints in

majorization by Kleiner, Moldovanu, and Strack (2021
our setting are strictly stronger than those imposed by mean-preserving spreads and
mean-preserving contractions. This is because the set of feasible stopping times must
obey conditional constraints so that at each time ¢, the conditional expected additional
value outweights the conditional expected additional cost. By contrast, majorization is

an unconditional constraint.

Figure 7: Feasibility of stopping times is more stringent than majorization
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This is illustrated in Figure 7. The red line in Panel (a) illustrates the CDF of a
feasible stopping time d; which concentrates the DM’s stopping probability at time
t* = ¢(po)/c (assuming this is an integer) so that, conditional on full information ar-
riving then, the DM’s time-0 obedience constraint is tight. The blue line illustrates a
mean-preserving spread of d; which puts probability 1/2 on time 1, and probability
1/2 on time 2(t* — 1). This continues to respect the DM’s time-0 incentives, but vio-
lates her interim incentives: if full information does not arrive at time 1, then the ad-

distribution (geometric) which attains the convex-order frontier.
2Qur characterization is also distinct from the extreme points of first-order stochastic dominance
(Yang and Zentefis, 2023) though this should be more apparent.
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ditional waiting costs exceeds her interim value of information.?® Now consider Panel
(b) which illustrates the CDF of a feasible stopping time d; so that full information
arrives at a geometric rate of c¢/¢ (o). Now consider the following mean-preserving
contraction: we contract the distribution before T into a single atom, and the distri-
bution after T into another. This is depicted by the blue line. Now observe that the
gap between these contracted atoms can be made arbitrarily large by increasing T; but
once again this violates the DM’s interim Obedience constraint since, if no information
arrives at the time of the first atom, the DM does not find waiting further worthwhile.

The structure of optimal attention capture. Theorem 2 readily delivers explicit solu-
tions for the problem of optimal attention capture which we showcase via the following
corollaries:

Corollary 1 (Optimal attention capture for convex/concave). Suppose f is

(i) convex, then the optimal dynamic information structure capture is given by the
stopping time-belief path pair (d, u*) such that DM is indifferent for all times
t > 0and uC is increasing and maximal. Moreover, there exists some time T <
+o00 such that continuation beliefs reach the basin (y% € @*) after which then full
information arrives at a geometric rate of ¢/ ¢™:

Prg(t=t+1t>T)=c/¢p"

(ii) concave, then the optimal dynamic information structure is given by the stop-
ping time-belief path pair (d, u*) such that DM is indifferent at time t = 0 and

Pra[9(10)/c] < T < [9(po)/c]) = 1.

Corollary 1 highlights how differences in relative time preferences matter for the struc-
ture of attention capture.?” In particular, suppose that the DM’s cost of waiting is given
by c(t). Then, if f is more convex than c (i.e., f o ¢! is convex), optimal attention capture
must keep the DM indifferent at each point in time and, furthermore, the attendant be-
lief path must be increasing and maximal. Conversely, if f is less convex than c (i.e.,
f oc~!is concave), optimal attention capture concentrates the distribution over stop-
ping times around ¢ (1) /c, the highest feasible expected stopping time.

For binary states, indifference, increasingness, and maximality jointly pin down a
unique dynamic information structure. Suppose, for instance that © = {0,1}. We as-
sociate beliefs with the probability that & = 1 and suppose that ji9p < ®* so the prior
starts outside the basin of uncertainty. From Corollary 1 (i), the optimal structure when
f is convex provides full information asymmetrically by only providing conclusive news
that 6 = 0.2 This is depicted by the red lines in Figure 8 where the thick lines corre-
sponds to continuation beliefs, and the “jumps” correspond to the (random) arrival

26This is true whenever ¢ (o) /c > 3; in continuous time the mean-preserving spread would put mass
on 0 and 2t* so that the interim obedience constraint is always violated.

%Since this follows from our characterization of the convex-order frontier, the distribution of stopping
times is unique whenever convexity or concavity is strict. However, the accompanying belief path need
not be unique for |®| > 2.

Z8More precisely, the belief path (1$)¢ is pinned down by the relation ¢( Vﬁrl )/ thH = (p(us) —c) /uf
whenever VtC-H < min ®*, and th+1 = min ®* otherwise.
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Figure 8: Optimal belief paths for yy ¢ ®*
Note: Green: u(a,6) o< —|a — 6]; blue: u(a,0) « —(a — 0)%; red: u(a,8) o (a — )%,
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of full information. This bad news process steers the DM’s beliefs toward the basin;
upon reaching it, the optimal dynamic information structure provides full information
symmetrically across both states so that, upon not learning the state, the DM’s beliefs
are unchanged.

The thick green, blue, and red lines in Figure 8 illustrate the optimal continuation
belief paths for different DM utility functions when A takes values between 0 and 1.2
When the DM’s indirect utility is more concave, slower paths to the basin are better
and vice versa. A qualitatively similar binary-state case with exponential discounting
has been studied in subsequent work (Saeedi, Shen, and Shourideh, 2024) via weak
duality which requires guessing a sequence of multipliers. Beyond generalizing to
many states, Corollary 1 offers an arguably more transparent characterization in the
language of convex-orders and extreme-points.

Corollary 2 (Block structures are optimal after reaching the basin). For any increasing
value of attention f, suppose that (d, u*) is optimal for attention capture. If there exists
some time T < +oo such that u$ € ®* then the dynamic information structure starting
from T is a block structure:

(d|r2T/ (V?—T)tZT) € IBLocK,
d(i4T)

where d|>7(t) = S A for times t > 1 is the conditional distribution of d from T

onwards renormalized and translated to start at time 0.

Corollary 2 states that conditional on reaching the basin of uncertainty, the opti-
mal continuation dynamic information structure is a block structure. The special case
where beliefs start in the basin corresponds to T = 0 in which case optimal dynamic
information structures are simply block structures.

The reasoning behind Corollary 2 builds on the observation that the DM’s attention

2 Although we assumed A is finite, this can be approximated with a finite grid. Utilities are normal-
ized so value of full information in the basin is equal.
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costs are sunk upon reaching the basin. Hence, the dynamic information structure
after then can be altered without affecting the DM’s obedience constraints at earlier
periods as long as this alteration preserves the conditional mean. Then (i) the law
of total expectation decomposing the designer’s payoff into the events that the DM
stops before and after reaching the basin; (ii) the observation the designer’s payoff is
a continuous linear functional on A(7); and (iii) Bauer’s maximum principle implies
that the continuation information structure is attained an an extreme point over the
set of feasible stopping times. From Theorem 2 (ii), this is precisely given by block
structures.

Corollary 3 (Block structures are optimal for binary states and actions). Suppose that
|®| = |A| = 2. Then, for any increasing value of attention f, an optimal dynamic

c IBLOCK

information structure is given by (d, u%) where uC jumps directly to the

basin of uncertainty:

B ut e d®* fort>1.

Corollary 3 implies that for the simplest case with binary states and binary deci-
sions, the belief paths accompanying optimal dynamic information structures are quite
simple and consist of an immediate jump to the basin of uncertainty.

Attention capture with more exotic time preferences. We have thus far developed a
fairly general analysis of optimal attention capture though the perspective of convex-
orders and extreme points. This has allowed us to tackle settings in which the de-
signer’s value function f is more convex (correspond to less time-risk aversion) or
more concave (less) than the DM’s cost function c. While this is natural, there are eco-
nomic environments which do not fall into either category.

Definition 7. Say that f is a step function if there exists some time T and some increas-
f6) =1t >T) - g(t).

Step functions reflect environments in which the designer might only begin to value

ing function g such that

attention beyond a certain threshold of engagement. Two such functions are depicted
in panel (a) of Figure 9. Alternatively, step functions approximates environments in
with the designer’s value of attention is linear but the DM’s per-unit time cost of at-
tention is an “inverse step function”: it is initially very steep (which might represent a
“fixed cost” to attention) before the cost of attention falls temporarily to zero (e.g., the

DM voluntarily engages with the advertisement) before eventually rising again.*

Definition 8. Say that f is S—shaped if there exists some time T such that f(t) — f(t —
)Sft+1)—f(r)ift s T.

‘S-shaped’ functions reflect environments in which users are initially unresponsive
to advertising but, after crossing a threshold (consumer ‘wear in’), begin to respond

300ur results will hold for f “sufficiently flat” so that the marginal value of attention is small but
positive before time T. This allows the inverse f ! to be well-defined and, in panel (b) of Figure 9,
admit the interpretation of high marginal costs of attention by setting c(t) := f~1(#).
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Figure 9: Illustration of step functions
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strongly; at some point they become saturated and their demand once again tapers
off (‘wear out’).>! An equivalent interpretation is where the designer’s valuation of
attention is linear but the DM’s marginal time cost is initially very high but eventually
lowers then rises again after waiting beyond a certain point.>?

Proposition 2 (Attention capture for step and S-shaped functions). If f is a

(i) step function, then for the step location T > ¢* /c, every optimal dynamic information
structure (d, u©) must be such that

(i) pC is increasing and maximal
(i) Obedience binds forall t < T — ¢*/c.

Moreover, if T (independent of the function) is sufficiently large and {y € A(O) :
o(u) > ¢(uo)} C intA(®), then continuation beliefs u* reaches the basin before time
T —¢*/c.

(ii) S-shaped functionand yg € ®* or |©| = |A| = 2, then there exists some deterministic
time t* such that the optimal information structure (d, u€) is such that

— Stopping time: d fulfils

£ ifl1 <t<t¥
Prg(t=t+1t>t) =" f
oy FE=0
o 9 <) _
Py T—t+7T>t =1

— Belief path: y; € ®* forallt > 1.

315-shaped response functions have been influential within economics, marketing, and consumer
psychology; see Fennis and Stroebe (2015) and references therein for more details. In the literature
on static communication, S-shaped value functions also feature prominently (see, e.g., Lipnowski and
Ravid (2020)).

32This once again follows again from the observation that the constant cost c is a normalization so the
results holds for f o ¢! S-shaped.
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Figure 10: Optimal for f S-shaped
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When f is S-shaped (part (ii)), the optimal dynamic information structure com-
prises an initial jump to the basin following which information arrives at a geometric
rate of c/¢* up to a deterministic time t*. Conditional on reaching time t*, the DM
receives no information until time t* + ¢*/c at which point the DM receives full in-
formation for sure. The belief paths and CDF associated with the optimal information
structure are depicted in panel (a) of Figure 10. The time t* is in turn pinned down as
the smallest time at which the conditional concavification of the value function f—the
concavication of f only considering times t > t*—depicted as the red curve in panel
(b) of Figure 10 is such that the first time tangent to f is less than 4’7* away from t*. This
ensures that the DM’s stopping time conditional paying until until time t* concentrates
on t* + ¢*/c which exploits the “steeply increasing” portion of f. To see why this is
optimal, consider, instead, an alternative dynamic information structure which deliv-
ers full information at a geometric rate up until time #' < *. Observe that at time ¢/,
the designer is unable to induce the DM to wait until time t* 4 ¢* /¢ with probability
1 since since information is insufficiently valuable. Instead, the designer could ensure
the DM waits until time ¢ + ¢* /c. This, however, will be suboptimal because at time
t' + ¢* /¢, the marginal value of attention is still high. Thus, by delivering full infor-
mation at a geometric rate for longer (until t*), the designer is able to fully exploit the
convex-concave curvature of f.

When f is a step-function (part (i)), optimal dynamic information maximizes the
probability that the DM pays attention until T (at which point the designer’s value
jumps). To do so, the designer delivers full information at a stochastic rate to keep
the DM indifferent while her continuation beliefs are steered towards the basin. This
also suggests that a durable property of optimal dynamic information (across the S-
shaped, convex, and step-function cases) is that, at least for initial periods, the DM
is kept indifferent while her continuation beliefs are steered toward the basin in an
increasing and maximal fashion.

22



5 TIME-CONSISTENCY

Our analysis thus far proceeded under the assumption that the designer has full in-
tertemporal commitment. It turns out that this is unnecessary.

Definition 9. [ is sequentially optimal for designer preference f : 7 — R if for every
history H; which realizes with positive probability
E" | f(t(I"))|H:| = E!|f(z(1))|H
max, F(x(1) | Hy| = B! [£(x(1)) | Hi]
where Z|H; is the set of dynamic information structures where H; realizes with positive
probability. Call the set of sequentially-optimal structures Z5EQ(f).

Sequential optimality is demanding, and requires that for every positive-probability
history, the designer has no incentive to deviate to a different continuation information
structure. It also implies optimality by choosing H; as the empty time-0 history. Such
structures, if they exist, eliminate the need for intertemporal commitment.*

Theorem 3. Sequentially optimal dynamic information structures exist i.e., °EQ(f) # @.

The key idea underlying Theorem 3 is the observation that the designer has some
freedom to manipulate the DM’s beliefs at non-stopping histories while still preserving
the induced joint distribution. By manipulating the DM’s beliefs—for instance, by
making her more certain of the state—the designer also increases the DM’s value of
stopping to act. This, in turn, ensures that the designer does in fact find it optimal to
follow through with promised information at future histories. The modification relies
on the fact that information is irreversible: as soon as the DM’s continuation beliefs
have shifted, the designer is subject to a martingale constraint with respect to these
new continuation beliefs. Indeed, in the Appendix we show a more general version of
Theorem 3 which applies to any DM preference which dislikes delay.>*

Illustration of Theorem 3. The proof of Theorem 3 is deferred to Appendix C and
proceeds by performing surgery on the tree representing the optimal dynamic informa-
tion structure. We illustrate the main ideas through the following example. Suppose
there is a single decision maker (DM) whose payoff from choosing action 2 € {0,1}
when the state is 6 € {0,1} at time 7 is quadratic-loss:

0(a,0,7) = —(a—0)>—c-t with c¢=1/9.
DM has prior yg = P(8 = 1) = 1/3 and the designer’s payoff is f(7) where f is
concave and strictly increasing. From Corollary 1 (ii), a designer-optimal distribution
of stopping beliefs puts probability 1 on T = 3 to deliver a payoff of f(3). Under

3That is, they ensure the designer’s "Stackelberg payoff” under full commitment—the designer first
chooses I then facing I, DM chooses an optimal stopping time and action—coincides with the designer’s
payoff in a subgame perfect equilibrium of the stochastic game in which at each history, the designer
chooses a new static information structure and, facing the chosen information structure, the DM decides
between stopping to act (game ends and payoffs realized) or waiting to observe the generated message
(game stochastically transitions to a new history).

3Thatis, t >/ = v(a,0,t) < v(a,0,t) for any (a,0).
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commitment, this can be implemented via an information structure which gives the
DM no information up to time 3, upon which the DM learns the state perfectly. This is
illustrated on the left of Figure 11.

Figure 11: Making attention capture sequentially optimal
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does better by instead not following through with their promise and might instead try
and use information to further extract attention. Indeed, Knoepfle (2020) and Hébert
and Zhong (2022) study the case with linear value of attention and, noting this time-
inconsistency, employ an alternate structure at which full information arrives at a Pois-
son rate. However, such distributions are not optimal when f is strictly concave: the
uniquely optimal stopping time puts probability 1 on {t = 3}. How can the designer
implement this time-consistently?

Consider the modification depicted in Figure 11 which delivers information grad-
ually: instead of inducing the unique beliefs 1/3 at time t = 1, the designer instead
induces the beliefs 7/9 and 2/9. At time t = 2, the designer induces the belief 8/9 and
1/9. Finally, at t = 3, the designer gives the DM full information. Observe that under
this information structure, the DM is indifferent between continuing and stopping at
every continuation history. For instance, at both histories with belief 8/9, the DM is
indifferent between stopping at time t = 2 and taking action 1, yielding an expected
payoff of —1/9, or paying an extra cost of ¢ = 1/9 to learn the state at time t = 3.

We have modified the information structure to induce the same distribution over
stopping times, so this structure remains optimal. It remains to sketch why it is also
sequentially optimal. Suppose, towards a contradiction, that it is not. Then there must
be some continuation history H; such that the designer strictly prefers to deviate to
an alternate continuation information structure I'|H;. But observe that under the cur-
rent structure, the DM was indifferent between continuing and stopping at H;. Hence,
under I'|H;, the DM’s continuation incentives must weakly improve. But this in turn
means that continuation incentives at earlier histories leading to H; also weakly im-
prove. Hence, the new information structure with I ' Hy replacing I|H; remains obe-
dient. Since H; realizes with positive probability, this is a strict improvement for the
designer, contradicting the optimality of the original structure.
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6 NONINSTRUMENTAL VALUE OF INFORMATION

Moving from sequentially optimality to suspense We will now show a tight connec-
tion between dynamic information structures which are sequentially optimal as analyzed
in the previous section, and optimal attention capture when information is valued non-
instrumentally (via suspense). On first reflection this connection might seem strange:
the latter is a property of the designer’s interim incentives while the former is a prop-
erty of the DM payoffs. It will turn out that in both environments, whether interim
continuation beliefs are random or deterministic plays a key role. We start by outlin-
ing how DM might values suspense before analyzing optimal attention capture under
suspense utility.

Definition 10 (Suspense). Following Ely, Frankel, and Kamenica (2015), let ¢ : A(®) —
R is a strictly concave functional such that ¢s(Jy) = 0 for each 6. Call ¢; the suspense
potential for reasons which will be soon apparent. For the information structure I and
the (random) belief realizations (y})¢<r up to stopping time T > 0, DM’s utility under
suspense is

vsusp((yé)tg’ L, T) - Z g(]EI [‘PS(P‘D — ¢s(per1) | He i = (,u;)s<t]) —C-T.

t<t—1

where g is a strictly increasing and strictly concave aggregator and if T = 0 then v°"°V =
0.35

We emphasize that suspense utility is a function of all three arguments: the be-
lief path (p;): (which might be random), the dynamic information structure I, and
the stopping time 7. At the time-t history of realized continuation beliefs (3})s<¢, the
DM assesses how much suspense she expects to receive from paying further attention
which depends on I since the dynamic information structure governs the law of future
beliefs. These two ingredients determine the DM’s flow suspense utility; the stopping
time T governs the boundary at which the DM stops paying attention.

Example 1 (Squared variation). Define ¢s(y) = Y.9(1 — u(0))pu(6) as the expected
squared variation from learning the state at belief y. Then at history H; = (us)s<t,
the DM’s suspense utility for the period is
B[ () = 9 (uen) [ Hi | = BT [ Y (e (6) — jue(0))? | i
0
as in the main text of Ely, Frankel, and Kamenica (2015).3’6 &

%Note that our definition of suspense is such that, if DM pays attention up to T, she gets the sum
of her flow suspense utility for periods ¢t = 0,1,...7T — 1 but not for 7. As a positive assumption, this
implies the DM does not value suspense for information she knows she will not receive. Nonetheless,
our results remain unchanged (with time translated by 1 period) if, stopping at 7, the DM gets the sum
of her flow suspense utility for periods t = 0,1,...t.

36To see this, write out the term within the expectation on the LHS via the definition of ¢ and use the
the martingale property of beliefs: IE![y;11(0)|H;] = p¢(0) = E![us(6)] and rearrange. We follow (Ely,
Frankel, and Kamenica, 2015) in assuming flow suspense utility is aggregated additively across time via
a concave function.
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Facing I, the DM chooses an optimal stopping time T adapted to the filtration gen-
erated by belief realizations. The designer’s problem is, as before, sup; E![f(7(I))]
where 7(I) is the DM’s stopping time under suspense utility.

The DM'’s stopping time T must fulfil a sequence of dynamic constraints analogous
those in Lemma 1: for each time t < T and history H; = (ys)s<¢ which realizes with
positive probability, her expected additional suspense utility up to her optimal stop-
ping time T must be greater than her expected additional flow cost:

]EE;lg(IES [4’5(%) — ¢s(pst1) | HS],) ‘Ht] > Elc(t—1t) | Hy],

time-s suspense

noting that the expected additional utility at time-f from suspense until stopping at
time T depends on both the information structure I as well as realization of (potentially
random) interim beliefs between t and 7.

Recall we defined the suspense potential ¢s : A(®) — R as a primitive of the DM's
preference for suspense. Further define ®; := max, ¢s(1) as the basin of suspense
where the DM’s suspense potential is maximized. Say the sequence of beliefs (y;); is
increasing in suspense potential if (¢s(p¢)); is increasing.

Our next result develops a tight connection between optimal attention capture un-
der suspense, and sequentially optimal attention capture when information is instru-
mentally valuable.

Theorem 4. For any designer value function f,

I is optimal under suspense utility I is sequentially-optimal under instrumental value
with suspense potential ¢s, = for decision problem with ¢ = ¢s
cost c and aggregator § and cost g_1 (c)

In particular, if f is
(i) concave and ¢s(uo)/g ' (c) is an integer, the designer-optimal information structure
induces a stochastic belief path which reduces suspense potential deterministically: for all
t <7, ¢(u) — ¢p(pes1) = g 1(c) as. and P! (7 = %) =1,
(ii) convex, the designer-optimal information structure I induces a deterministic and in-
creasing belief path which reduces suspense potential stochastically: there exists a deter-

ministic and increasing path (u$); such that forall t € T,
supp L1 (-|Hr = (4§ )s<t) C {pf} U {0y : 6 € ©}
and P (pe1 € {89:0 € O}t > ) = g7 (c) /s ().

Theorem 4 establishes a bijection between optimal attention capture under sus-
pense and sequentially optimal attention capture when information is valued instru-
mentally we developed in Sections 4 and 5. It further illustrates how relative time pref-
erences between the designer and DM shapes not only whether full information should
arrive at random or deterministic times (analyzed in Section 4), but also whether in-
terim beliefs are deterministic/collapsed or random/spread out. At the heart of Theo-

370ur assumption that ¢5 (1) /¢! (c) is an integer is purely an artifact of working in discrete time; if
it were not, the optimal time would be spread over two consecutive periods.
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rem 4 is the observation that there are two distinct ways to portion out suspense over
time:

When f is concave, suspense should be portioned out deterministically over time
with stochastic continuation belief paths so that the DM receives ¢~ '(c) per-period in
flow suspense utility. The left panel of Figure 12 shows two realizations of belief paths.
Given py, the continuation belief y; 1 is supported on the set of beliefs where suspense
is ¢s(1;) — ¢~ 1(c). This then induces a deterministic stopping time which is optimal
since f is concave. Moreover, since the DM’s per-period utility exactly offsets her cost,
she is kept indifferent between continuing and stopping. Indeed, this is also true of se-
quentially optimal attention capture for concave f when information is valued instru-
mentally. Further observe that this also coincides with the utility-maximizing dynamic
information structure of Ely, Frankel, and Kamenica (2015) for the fixed time horizon

‘Ps(ﬂO)/g_l(C)'

Figure 12: Optimal attention capture when DM values suspense

Optimal attention capture Optimal attention capture
for concave value A(@) for convex value
of attention of attention

continuation belief paths
are deterministic and

steered to suspense [ I
potential maxizing belief LN Ho

at suspense potential maximizing
belief full information arrives

stochastically at rate g72(c) / ¢:

continuation beliefs paths are
stochastic and
suspense capacity

deterministically reduced at rate g~!(c)

When f is convex, suspense should be portioned out stochastically over time with
deterministic continuation belief paths so that the DM receives ¢~!(c) in per-period flow
utility. The right panel of Figure 12 shows the belief path which is steered determin-
istically towards the basin ®; where suspense potential is maximized. Thus, for each

belief i, the optimal information structure delivers full information in the next pe-

g ()
i ¢s(pe) . . .
of waiting. Note, however, that unlike the case where information is instrumentally

riod with probability

such that her flow suspense utility exactly offsets the cost

valuable, suspense utility depends on the entire path of realized beliefs.

Why is there a connection between optimal attention capture under suspense and
sequentially optimal attention capture under instrumental information? Recall that se-
quentially optimal dynamic information progressively delivers more reservation util-
ity to the DM such that she is kept indifferent between stopping to act and contin-
uing to pay attention. This equates the additional final value of information ¢ (i)
with her expected additional cost conditional on already paying attention up to t. In
the suspense case, we equate the additional flow value of suspense E[Y72 ! ¢(¢s(p4s) —
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$s(ps+1)) | Hi) with the DM’s expected additional cost. Although these settings re-
semble each other, they are not isomorphic.’® Nonetheless, Theorem 4 shows that at
the sender’s optimum, there is a tight connection: in Appendix C we construct a relaxed
problem for optimal attention capture under suspense, and show that the sequentially
optimal structures for a modified problem attains the bound.

7 ATTENTION CAPTURE WITH PERSUASION MOTIVES

We finally turn to the problem of optimal dynamic information structures when the de-
signer has preferences over both the DM’s action and stopping time. For instance, a re-
tail platform might generate revenue from both commissions (purchase decision) and
advertisements (browsing duration); a law firm on a hybrid fee model might charge
for both winning the case (contingent fees) as well as for their time (hourly fees); and
so on. Within the binary environment (@ = A = {0,1}), say that the designer’s pref-
erences f : A x T — R are additively separable across actions and times if

fla,7) =a+f(7)
for some strictly increasing function f(7).° Implicit in this formulation is that the
designer has state-independent preferences.

Relative to pure attention capture, the DM’s continuation value now depends on
both when she expects to stop, as well as what beliefs she expects to hold when she
does. If, for instance, after time f the continuation information structure assigns high
probability to stopping at a belief at which DM is indifferent between actions, this
depresses incentives to continue paying attention since information has no value then.

Indeed, this tradeoff is at the heart of the designer’s problem: in order to increase
the probability that DM takes the designer’s preferred action, the designer must garble
information which, in turn, depresses the DM’s incentives to pay attention.*’ Hence,
dynamic information structures can be quite complicated and intersperse periods of
persuasion (at which DM stops with intermediate beliefs and takes action 1) with peri-
ods of attention capture (at which DM stops upon learning the state). Nonetheless, we
will show that when attention and persuasion are valued additively, optimal informa-
tion structures are surprisingly simple.

Definition 11. A dynamic information structure is one-shot persuasion at time T if
it reveals no information for times t < T and at time T coincides with the designer-

38In particular, information structures which fulfil dynamic obedience constraints when information
is valued instrumentally (for a decision problem where ¢ = ¢5 and cost is g~ (c) per unit time as in
Theorem 4) may not fulfil dynamic obedience constraints under suspense.

¥Subsequent work (Koh, Sanguanmoo, and Zhong, 2024) studies implementation of joint distribu-
tions over actions and stopping times. However, we have not found a way to employ those duality
approaches to the additively separable case studied here. This suggests that the perturbation techniques
developed here are complementary.

40Several recent papers study persuasion in the presence of a rationally inattentive agent Lipnowski,
Mathevet, and Wei (2020); Bloedel and Segal (2021). Our setting is complementary to theirs: it is richer
along the time dimension since the designer chooses dynamic information structures, but simpler in the
sense that the receiver simply decides when to stop paying attention, not what to pay attention to.
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optimal static information structure subject to the constraint that the DM’s expected
surplus is greater than c - T.*!

Theorem 5. Suppose we are in the binary environment and designer’s preferences f = a + f is
additively separable across actions and times. Then an optimal dynamic information structure
either:

(i) (Pure attention capture) is equivalent to the designer-optimal when f(a,T) = f(7); or

(ii) (One-shot persuasion) is one-shot persuasion at some time T > 0.

Theorem 5 states that optimal designs either focuses on extracting attention such
that the DM stops only upon learning the state. In this case, the probability that DM
takes 1 is pg so the designer’s value function is

E'[f(a,7)] = po + E'[f(7)]
so that the optimal dynamic information structure coincides with that if the designer’s

value function were simply /() as studied in Section 4. Alternatively, the designer
only provides information at a fixed and deterministic time T such that their payoff is
E'[f(a,7)] = E'lac] + f(T)

which persuades the DM into taking action 1 when it is in fact state 0 at a frequency
which leaves the DM enough value so she finds it worthwhile to pay attention up to T.
Thus, Theorem 5 gives a “bang-bang” characterization of optimal dynamic information
structures for arbitrary value of attention. In particular, this implies that, perhaps sur-
prisingly, the designer never finds it optimal to exploit potential randomization gains
(which, as we have seen, is optimal with convex value of attention) while persuading
the DM by garbling stopping beliefs.

Proof idea of Theorem 5. The proof is involved and deferred to Appendix B; we
sketch the basic ideas here. First observe that it is without loss to consider extremal
stopping beliefs—that is, stopping beliefs in {0, fi,1} where the DM is indifferent be-
tween actions at belief i and we assume tiebreaking in favor of action 1.%?

We now develop two key ideas. The first idea is a switching lemma which states that
the designer can either hasten or postpone the arrival of the uncertain stopping belief ji
while preserving dynamic obedience constraints. This allows the designer to vary the
correlation between stopping beliefs and stopping times while preserving marginals

as well as continuation incentives. It is illustrated on the left of Figure 13.

41That is, the static information structure at time T denoted 77* = I(-|Hr_1) € A(A(®)) maximizes
E~r[h(pu, T)] among the set

{n € A(A(O)) : / (mgx]EyNn[u(a,G)] —maax]Ey0 [u(a,@)])dn(y) >c- T,/ydn(y) = ;40},

where h(p, t) is the designer’s indirect utility function when the DM stops at belief i at time f, breaking
ties in actions in favor of the designer.

42Extremal beliefs have been used prominently in static information design (e.g., Bergemann, Brooks,
and Morris (2015)). In Appendix D develop the observation that any feasible joint distribution over
actions and times can be implemented with (dynamic) extremal stopping beliefs.
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Figure 13: Switching and Pasting Lemma

Note: For simplicity assume continuation beliefs > fi.
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The second idea is a pasting lemma which states that if the DM stops with positive
probability at time ¢ at belief ji but continues with belief ;1 > fi, then the designer can do
strictly better by having the DM continue at a more uncertain belief (e.g., from ji). This
is done by ”pasting” a suitable modification of the information structure continuing
from y to instead continue from ji and is illustrated on the right of Figure 13.43

With these ideas in hand, suppose that the optimal structure is such that the de-
signer provides the possibility of full information over multiple periods but the prob-
ability of stopping at the indifferent belief ji is positive. Employing the switching
lemma, we can shift the probability of stopping at different beliefs {0, 1,1} around in
time while weakly increasing the designer’s payoff and preserving the DM’s dynamic
ICs. We do so until there exists some time t at which the DM has positive probability
of either: (i) stopping at belief {0, fi, 1}; or (ii) continuing with belief p > fi. Then, by
applying the pasting lemma, we can modify the information structure so that DM (i)
stops at belief ji; and (ii) continues at belief i1 according to some modified information
structure. This strictly dominates the original structure, a contradiction.

8 SUMMARY

We have developed a unified analysis of the form and limits of attention capture. The
reduction principle (Theorem 1) showed that deterministic continuation belief paths
which maximally make DM increasingly uncertain play a crucial role in shaping DM’s
continuation incentives. We then characterized the convex-order frontier and extreme
points of feasible stopping times (Theorem 2) which delivered the form of optimal at-

#3The pasting lemma is loosely related to the notion of “stop-go” pairs in the mathematics literature
on optimal Skorohod embeddings as recently used in Beiglbock, Cox, and Huesmann (2017). There, they
use path-swapping arguments by continuing on one path, and stopping on another to obtain necessary
conditions on optimal stopping for a given stochastic process. Here, we take as given that the DM is
optimally stopping and instead modify the belief process to continue on ji instead of y, and stop on u
instead of ji to obtain necessary conditions on the designer’s optimality.
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tention capture for a wide class of environments (Corollaries 1-3). We also showed
that intertemporal commitment is unnecessary and provided an explicit procedure for
making optimal structures sequentially optimal (Theorem 3) which turned out to have
a tight and surprising connection to optimal attention capture for a DM who values
information noninstrumentally (Theorem 4). Finally, we considered designer who ad-
ditionally valued persuasion (Theorem 5) and showed that attention capture remains
an important force.
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APPENDIX TO “ATTENTION CAPTURE’

Outline of Appendix. Appendix A proves the reduction principle (Theorem 1) and
develops generalized martingale and obedience constraints. Appendix B proves re-
sults on optimal dynamic information structures. Appendix C proves that every opti-
mal structure can be made sequentially optimal (Theorem 3) and develops a bijection
between sequentially optimal structures and optimal structures under suspense utility
(Theorem 4). Appendix D proves the bang-bang result (Theorem 5) when the designer

has persuasion and attention motives.

Augmented dynamic information structures. In the appendix we will augment our
description of dynamic information structures. Let A® := A(®) x M be the space of
belief-message pairs, where M is an arbitrary message space. We now redefine several
objects. I € A(TTS A(©)) as a joint distribution over paths of belief-message pairs.
Hy := (s, ms)s<t is a time-t history. Write I 1(:|H;) € A(A(®)) to denote the con-
ditional distribution over the time-t 4- 1 belief-message pair following history H;. Say
that H; is a positive probability history if {(us, ms)s : (s, ms)s<t = Hy} C supp I. I is
a dynamic information structure if the belief component is a martingale with respect
to the natural filtration generated by its histories.

We emphasize that all results in the main text hold as stated for dynamic informa-
tion structures as belief martingales. This augmented definition helps describe modi-
fications by allowing us to distinguish histories with the same belief path, but differ-
ent continuation information structures, but one can verify that all results do not rely
on this augmentation. For instance, at each optimal augmented dynamic information
structure I € A([],. A(®)), the belief paths for histories where the DM optimally

stops are disjoint from belief paths for histories where the DM optimally continues.*

APPENDIX A: PROOF OF REDUCTION PRINCIPLE

A.1 Preliminaries. Sequential formulation of DM’s problem. DM’s problem can be
equivalently formulated as follows: for any history H;, the DM solves the following

optimization problem:

U'(Hy) := supEl[v(ac,6,7) | Hy,
=
where T is a stopping time, a is a stochastic action under the natural filtration, and
E![-|H{] is the conditional expectation under information structure I € Z after his-

tory H;. Since we break indifferences in favor of not stopping, given history H;, the

#Hence I can be canonically projected down onto the space of belief martingales analyzed in the
main text by setting m = @ for each m. The distinction between dynamic information structures as
conveying information about the state (via beliefs) and about continuation information (via messages)
is well-understood (Greenshtein, 1996).
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DM will stop paying attention if and only if max,c 4 E'[0(a, 0, t)|H{], the expected pay-
off from stopping to act immediately, is strictly greater than the continuation payoff
E'[U'(Hy41) | Hi-

General DM and designer preferences. Define the indirect utility function v* : A(®) x
7 — R and DM’s best response correspondence a* : A(®@) x T == A attimet € T as
follows:

vt (p, t) = max Eg-,0(a,0,t), a*(u,t) = arg max, ,[Eg,0(a,0,t).
Let f : A x T — R be the designer’s value function. Define
h(u®,t) == ]EGNHs[ max )f(a,t)}

aca*(us,t
as the designer’s indirect utility function when the DM stops at belief ;° at time ¢
and breaking ties in favor of the designer. The designer’s maximization problem is
equivalent to S
1 sup]E(ys,T)Np[h(.u 'T)]'
peP
where P is the set of feasible joint distributions over beliefs and stopping times. To
ensure the solution to the designer’s optimization problem, we impose the following

assumption which was described informally in the main text.

Assumption 1. There exists a metric d(-,-) over the set A(A(®) x T) such that P is
compact under metric 4. Moreover p — IE(VS,T)NP[h( 1%, 7)] is continuous under d.

This implies the optimization problem attains its supremum i.e., max;e7 E[f (ar, T)]
has a solution. This assumption holds, for instance, whenever the designer’s function f
is bounded by some exponential function. More generally, this is fulfilled by standard
functional forms in economics; we elaborate on this in Online Appendix 1.3. We will

weaken the constant cost per-unit time assumption to:

Assumption 2 (Impatience). The DM’s utility function v satisfies impatience if v(a, 0, t)

is strictly decreasing in t foralla € Aand 0 € ©.

We are ready to prove reduction principle (Theorem 1). The proof of Theorem 1

consists of two steps:

¢ Step A: Show that every feasible distribution over stopping times can be imple-

mented with full-revelation and deterministic structures.

¢ Step B: Show that every feasible stopping time can be implemented with a max-

imal belief path via an iterative ironing procedure.

These two steps imply Theorem 1.
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A.2 Proof of Step A.

Proof of Step A. The following step show that every feasible distribution over stopping
times can be implemented with full-revelation and deterministic structures.
Step 1: Collapse non-optimal stopping histories (I — I').

For each t € T, define a (deterministic) belief u{ as u¢ = E![j;|t(I) > t]. We

construct an information structure I’ so that the DM prefers to stop paying attention if

and only if she sees a message S. At time t with history H" := (u&, C)s<; (the history
comprising continuation messages for t periods), define a static information structure
I.1(- | Hf) € A(A(®) x M) as follows:
(i) Stopping beliefs agrees with that under I:
I (1(4,5) € BYHE) = P! (1 € B,(1) = t+1|(1) > t)
for every Borel set B C A(®);
(i) Continuation belief concentrates on Vtc+1:

It'H((thH,C)‘HtC) =P!(x(1) > t+ 1\T(1) > t).
Moreover, whenever a history contains message S, an information structure I’ provides
no information. It is easy to check that I’ is indeed an information structure (such that
the martingale condition holds).

Define T as the random time at which DM first sees message S under I'. Observe
P (us € B,t =s | HE) =P (ps € B,(I) =s | T(I) > 1),
for every Borel set B C A(®) and time s > t. Letting ji be the random belief which
the DM sees message S under I, we have (fi, T) 4 (#z(1), T(I)) since the modification

preserved the distribution of stopping beliefs for each time. It remains to show I’ is

obedient so the time at which DM receives S is indeed an optimal stopping time.

Lemma 2. Under I', for any t € T, the DM continues paying attention at history HC.
Proof of Lemma 2. We show that the DM does weakly better by continuing until seeing

message S since that is a well-defined stopping time. To this end, note that the DM’s
expected utility if she stops at history HE under I "is

o (uf, ) = o (B [ue | T(1) > 1] 1)
< E'o* (u, t) | T(I) > t] (v* (-, t) is convex)
< IEI[U*(yT(I),T(I)) | T(I) > t] (sequential optimality of 7(I))
= E"[v"(7,7) | Hf].
This implies DM does weakly better by continuing at history HE. O

From Lemma 2, under I’ the DM does not stop unless she sees message S. Hence,
d _ Y d
(H1(e), T(I")) = (e, T) which implies (pr(py, T(I')) = (pr(py, T(1))-
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Step 2: Modify stopping beliefs to be full-revelation.

We now modify I’ so that I” is full-revelation and deterministic which gives the
second part of Theorem 1. Construct a new information structure I’ from I’ as follows:
supp (If,; | HE) = {(,5) : 6 € ©} U {(pf,4,C)}

(i) Forevery 6 € ©, I, 4 ((d, S) | Hy) = fygA(@) u(0)dl 1 (1, S) | Hy)

(i) 1 (HS,0,C) | HE) = PY (x(I') > 41| T(I') > 1),
Part (i) says I” redistributes stopping messages with arbitrary posteriors belief 1 from
I’ into those with full beliefs. It is easy to check that I’ is a valid dynamic information
structure (so the martingale condition holds). Denote the stopping time T as a random
time at which the DM stops once she sees message S under I”. Part (ii) then implies

P (HE | HE) = P"(HE | HE) for every s > t hence T(I') Lz
Lemma 3. Under 1", for any t € T, the DM continues at history H- = (u$, C)s<t.

Proof of Lemma 3. Note that DM’s expected utility if she stops at history H- under I” is
o* (us,t) < E" [v*(yTU/),T(I’)) | Hf ] (sequential optimality of 7/(I))

/yeA(G)) v* (p,8)dL((1,S) | Hscl))]PF(T(I’) >s—1]7(l') >t

IN

Narad} </V€A(®) eg)y(ﬁ)v*(ég,s)dls’((y,S) | Hsc_l))lpp(T(I/) >s—1|7(I)

s=t+1
=E"[0" (uz, 7) | HF].

Therefore, DM does weakly better by continuing to pay attention given history H-. [

We showed in Step 1 that d(I) = d(I'). By Lemma 3, we know t(I") 2 %. More-
over, we showed 7(I’) 2 % which implies 7(I) 4 7(I"). Let ZFULL be the set of full-
revelation structures with deterministic paths. Since I € ZFULL D(ZFULL) = D(T),
as desired O

A.3 Proof of Step B. Lemma 1 implies that feasible pairs of stopping time and a belief
path suffice for information structures. We will construct a topological space of such
belief paths, fixing a feasible stopping time.

We first introduce some useful notation. Define the set of belief paths with W =
(A(@®))7. Fixing a stopping time T, define W(t) C W as the set of belief paths corre-

sponding to stopping time 7.

Definition 12 (Undominated belief path). Fix stopping time 7. A belief path (y;)ie7 €
W(t) is an undominated belief path under 7 if there is no (y});e7 € W(7) such that
¢(u;) > ¢(uy) for every t € T and the inequality is strict for some t € T,
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The following proposition guarantees the existence of an undominated belief path
for any feasible stopping time 7. This will be a useful object to prove Step B. Note that
the proof of Lemma 1 relies on only the first half of Theorem 1.

Lemma 4. For every feasible stopping time T, there exists an undominated belief path corre-
sponding to T.

Proof. See Online Appendix I.4. O
Since undominated belief paths exist, we provide a stronger version of Step B.

Lemma 5. Fixing a feasible distribution d(t) € {marg+d : d € D}, every undominated belief
path (u$) e € W(T) must be increasing and maximal.

Proof of Lemma 5. Fixing a feasible stopping time T and its corresponding undominated

T

belief path (u&);c7. Consider any sequence of (ui);c7 € (A(®))7. We first prove

(uS) e is increasing. We recursively construct another sequence of beliefs (i), €
(A(®))T which satisfies the conditions in Lemma 1 for each i € 7 U {—1} as follows:

(i) Ifi = —1,set yi = u& forevery t € T.

(ii) If i > 0, given the sequence of (yi);c7 € (A(®))7, define
, {min{t eT:t>i,¢(u) <¢(ui)} if the minimum exists,
i pu—

+o00 otherwise.

/ . .
, ift<i .
i i.e., the sequence (u/™!

o If t; = +oo, set y; = )t follows the se-

ph, ift>i

uence (i) up to period i, and remains constant at belief ! thereafter.
q Hi)t up to p Hi

i(o
o If t; < +oo, define 6; € argmax, 69%(9)) i.e., the state at which the ratio of the

beliefs at time i and time t;—the time at which ¢ increases relative to that at
time 1. ‘

i (6; . . .
It is clear that yt?( ) > 1. Thus, there exists a sequence 71, ..., n;ﬁl € R such

1i(6;) .
P(t>t) V?i(gi)
1i(6;)

that 7l € 1 | forevery t € {i,..., t; — 1} and H?’:_il o= be-

' P(r>trl)
cause the second condition of Lemma 1 for y' implies

O _P(r>i) 4 P>

ui(6;) — P(r>t) E P(t>t+1)

This sequence (71;)21;1 simply splits up the ratio of :”Z (6;)/pi(6;) intot; — 1 —1i
sub-ratios. We will now construct a new sequence of beliefs to bridge u! and

I while ensuring that ¢ increases over the interval. Forany ¢ € {i, ..., ti}, set
M, g y
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ptl = A+ (1 - /\i,t)Viif i.e., a linear combination of the belief at t; and that

at i where the weights are given by

1 ) t—1 ) )
Aip = — (i 0) ~ T 4i6)) €[0,1].
l uéi(9i)—ui(9i)< N E[ )
Moreover, if t & {i,...,t;}, we set ;tlturl = . From the construction of ',
note that ,uf“ = yf and yl;rl — P‘ii

We will now inductively show that a sequence (i} );c7 satisfies the conditions in Lemma
1foreachie T U{-1}:

Base step.(y; !);e7 = (uS)sc7 satisfies the conditions in Lemma 1 because by I was
assumed to be full-revelation and deterministic.

Inductive step. Suppose t € T such that (y!);c7 satisfies the conditions in Lemma 1.

We consider two cases.

Case 1: t; = +00. We have that ¢(u!) > ¢(u}) for every t > i. This implies 4)(;4?“) =
o(ui) > ¢(ui) > Ele(t) | T > ] —c(t) for every t > i. Forevery t < i, p(ui™) =
¢(ui) > Elc(t) | T > t] — c(t). Therefore, the boundary constraint holds for every

time t € T for the sequence of beliefs (!™1),c7. Moreover, for every t < i, we know
Hiﬂ(G) _ Finl®) < P>t . For every t > i, we have —ytfﬂ(e) = —”2(9) =1 P(r>1)

ptt) o pi0) = Plr>ttl) pile) () T T P>t
Thus, the boundary constraint holds for every time t € T for the sequence of beliefs

(pit1),c7, as required.

Case 2: t; < +00. We now verify each of the constraints holds.

(i) (Obedience constraint) The definition of ¢; implies ¢(p;) > ¢(u:) for every t €
{i+1,...,t; =1} and ¢(p;) < ¢(p1,). Because ¢ is concave and A;; € [0,1],
Jensen’s inequality implies that for every t € {i,..., t; — 1},

(™) = p(Aiapi + (1= A
> A (i) + (1= M) ()
> ¢(ui) = ¢(ui) 2 Elc(7) | T> 1] — (1), Q)
where the last inequality follows from the first condition in Lemma 1 of u'. As
such, for every t ¢ {i,...,t; — 1}, we have ¢(ui*?) = ¢(ul) > p(ui) > ¢(ui) >
Elc(t) | T > t] — c(t). Therefore, the obedience constraint holds for every time
t € T for the sequence of beliefs (4:™!);c7.

38



(i) (Boundary constraint) For every t € {i,...,t; —1} and 8 € ®, we have
u1(0)  Appsapd(0) + (1= Ager1)pi (6)

HHO)  Aupd(0) + (1= Ay (6)
- Aipr1+ (1= Agppn)p (6:) /1 (6;)
Aip A (1= Ag)pi (6:)/ pi(6;)
i) P(r>1)
B L Y
TT2) - pd(6)) P(t>t+1)

: M ®) (0
Moreover, for every t ¢ {i,...,t; —1} and 6 € ©, we have ylil(e) = };(9) <
t
—Plfgii)l) from the induction hypothesis. Therefore, the boundary constraint holds

for every time t € T and state 8 € © for the sequence of beliefs (1)o7

We have shown that the sequence (1});c7 satisfies the conditions in Lemma 1 for each
i € TU{-1}. We now complete the proof of Theorem 1 (ii). Define a sequence
(#)ter € (A(@®))7T such that uf = uf for every t € T i.e., taking the ‘diagonal’ by

choosing time t’s beliefs to be sequence t’s beliefs at time ¢.

e For the obedience constraint, ¢(u}) = ¢(ul) > Elct | T > t] — ct.

* H—l t+1
e For the boundary constraint, £ ;ﬂé)) = ;jt(l()) =L fﬂg ; < Plfr(gfr)l)

e For the increasing property, from Equation 1 ¢ () = ¢(ul) < ¢( yiﬂ) P(uiyq)-

Thus, Lemma 1 implies (d(7), (i} );) is feasible. From the construction, ¢(u}) = ¢(ul) >
P(us). If () is not increasing for some ¢, then this modification is not trivial: there
exists fo such that ¢(u} ) > gb(]/tg), which contradicts that (1%); is an undominated
belief path of d(7).

Now we prove ( ,M?)teT is extremal. Suppose towards a contradiction that there is

—(T(ii);r)l ) < mingece —VV ol ()) Pick any

p* € ®*. We pick A € [0,1) as following. If mingce ];0(( )) > H)g(ii):g)l)' choose A = 0.
Otherwise, choose A € [0,1) such that

P(t>t+1) — min 1, (6)
P(t>to) 60 A1 (0) + (1 —A)p(6)°

The existence of A follows from the intermediate value theorem. We define a new belief

a minimum ty € 7T such that py41 ¢ P and

path (u}):c7 as follows:
y/ e if t <ty
t Apr+ (1 —A)u*, otherwise.

We will show that a pair of a belief path and a distribution of stopping time ((u})sc7,d(T))
is feasible. The obedience constraint is still the same for t € {0,...,ty}. For t > ty, we
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have

p(ue) = p(Ape + (1= M)u™) = Ap(us) + (1 = A)¢" = p(pe) = Ele(T) [ T> 1] — (1),
so the obedience constraint for every t € 7. The boundary constraint is still the same
fort € {0,...,tp — 1}. For t = t(, the boundary constraint holds because of the con-
struction of A. For t > t;, we have

i 4O (@) W) () P> 1)
0cO py 1(0) 00 Appy1(0) + (1= A)p*(0) — 6co ppy1(0) P(t > t)
where the first inequality follows from the fact that 6 that minimizes the LHS must

satisfy p¢(0) < pr41(0). This concludes that a pair of a belief path and a distribution of
stopping time ((1})e7,d(7)) is feasible.
For every t < to, ¢p(u;) = ¢(p+). Moreover, for every t > ty, we have

¢(u) = p(Apue+ (1= M)u") > Ap(us) + (1 = )™ = ().
Therefore, ¢p(u;) > ¢(u¢) for every t € T. Because (pt)ier is an undominated path
coresponding to T, we must have ¢(u;) = ¢(y:) for every t € T, which implies that
¢(nr) = ¢* for every t > tg. This contradicts the fact that y; 11 & P*. Therefore, the
belief path (jt);c7 must have a property of extremal paths, as desired. O

A.4 Proof that designer-optimal structures leave DM with no surplus.

Proof of Proposition 1. Suppose towards a contradiction there exists a designer-optimal
structure I* that leaves the DM with a positive surplus. Fix sufficiently small € > 0 and
construct an information structure I** as follows: with probability 1 — € the designer
follows I*, and with probability € the designer reveals nothing with an augmented

message mg € M in the first period and then follows [* in later periods:

K%

(i) Attimet > 1 for histories H; that do not contain (o, mgp), we have I;F; (1, m) |
Hi) = If 1 ((p,m) | Hy).

(ii) At time t > 1 with history H; = ((po, mg), Hi—1), we have I;5, ((u,m) | Hy) =
If ((,m) | Hy—1).

We now claim that the distribution of the resultant stopping time induced by I** is
d(I**)=(1—-e)d(I*) ®e(d(I*)+1).

To see this, we verify that the DM’s obedience constraints are preserved. For any
H;_1 which realizes with positive probability on the structure I*, note that DM prefers
to continue paying attention at history ((yo,mg), H;—1) under I** if and only if she
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does so at history H; 1 under I*. To see this, let H; 1 = (p}, m})s<;—1 and observe

0 (1, 1) < BT [0 (), T(I)) | (Mo, me), Hi-1)]
= 0 (41, 1) <E" [0 (), T(I*) +1) | Hya]
= 0" (p_q,t = 1) — ¢ SE" [0 (e(ey, T(I) | Heoa] — ¢
(v has additively separable cost)
= 0" (uj_y,t = 1) <E" [0* (o), T(I7)) | Hy-al.
Moreover, the obedience constraint at time 0 under I** still holds for sufficient small
€ > 0 because I* and I** coincide with probability 1 — € and the obedience constraint

at time 0 under I* is slack by assumption. These together imply 7(I**) is indeed is still
the DM’s optimal stopping time under I**. However, the designer’s value of [** is

E" [1(pr (g, T(I))] = (1= )" [h(pie(re), T(I))] + €B [A(pir(re), T(IF) +1)]
> E" [1(pe (e, T(1Y))]

because h(y, -) is strictly increasing, which contradicts the optimality of I*. O

APPENDIX B: PROOF OF OPTIMAL ATTENTION CAPTURE

In this appendix we collect proofs which were omitted in Section 4. From Lemma 1,
a stopping time T is feasible if we can find a supporting belief path (u$);c7 such that
(T, (u$)ter) fulfils the obedience and boundary constraint.

We introduce an important lemma which we will draw on extensively.

Lemma 6 (Pivot Lemma). Suppose the designer’s optimal full-revelation information struc-
ture I with deterministic belief path induces the stopping time T. Let tg < t; € T U {+co}
such that to + 1 € supp T, and

E[f(t+1) = f(r) | T € [to+1,t1)] > f(to +1) — f(to)-
Then, the DM must be indifferent between continuing and stopping at time to under I, imply-
ing to € supp T. This further implies for any to € T and any feasible distribution d € Ds with
mean s, if the DM strictly pefers to continue at time to and ty + 1 € supp d, then there exists
d' € Ds such that d' ~cx d.

The proof is quite notation-intensive and deferred to Online Appendix II.1. Nonethe-
less, the intuition is simple; we sketch it here. Suppose the DM strictly prefers to con-
tinue at time ty and the conjectured optimal distribution induces the stopping time
with CDF given by the red line in Figure 14.%°

Now consider the following perturbation: at time 5, we “‘uniformly” delay the infor-
mation structure by a single unit of time with probability €, but increase the probability

of stopping at time ¢y by the same probability. Then, conditional on facing this 1-unit

#SWe have depicted ‘smoothed’ versions of the CDF.
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Figure 14: Intuition for pivot lemma

1|P(t < t)

modified
distribution

fo to+1 t -1, t time ¢

delay beyond time tj, we once again accelerate the arrival of full information at time
t1 so that the original distribution and modified distribution are identical after time ¢;.
This modified CDF is depicted as the blue line in Figure 14.

Note that this perturbation does not change the DM’s continuation value for times
t < tp since it preserves the mean. Moreover, if the delay occurs, for times ¢t > t;
the DM faces the same decision problem as she faces under the old information struc-
ture, so the obedience constraints on the delayed path still hold. If the delay occurs,
for times t € (to, t1], the DM faces approximately the same continuation information
structure, with the difference that information at and after time #; is accelerated. Thus,
this strictly improves the obedience constraints on the delayed path at times ¢ € (t, t1].
Now consider the obedience constraint at time #y. If it is slack, then this perturbation
for sufficiently small € > 0 induces a feasible stopping time yet strictly improves the

designer’s payoff, contradicting optimality.

B.1 Proof of Theorem 2.
Proof of Theorem 2 (i). We begin with the existence of a convex frontier:

Lemma 7. Fix any d € D;. There exists d* € D such that
1. d* =cx d,and
2. thereisno d’ € Dg such that d' =cx d*.
Proof. See Online Appendix IL.1. O

Pick d* that satisfies the above conditions. We will show that d* € DM, Pick any
belief path u€ € A(®)7 such that (d*, u€) is feasible. By Lemma 4, there exists an
undominated belief path u*¢ € W(t*) where T ~ d* such that ¢(u;¢) > ¢(u) for
every t € T.
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Let T = maxsupp 7%, which can be +co. Suppose that T is finite. Lemma 6 and the
fact that there is no d’ € D; such that d’ >cx d* imply the DM must be indifferent at
time T — 1 under (d*, u*¢). However, this is impossible because

Ele(t" =(T=1)) | T> T =1] = ¢ < ¢p(uo) < ¢(pe),
where the last inequality is from the result that a maximal belief path must be increas-
ing. Thus, maxsupp 7" = +o0. We show that the DM must be indifferent at every
time t € 7 under (d*, u*©). For each time t € T, there exists time t' > t such that
t' € supp T*. Applying Lemma 6 again implies the DM must be indifferent at time
t'—land t —1 € supp 7*. Applying this argument (backward) inductively, we obtain
the DM must be indifferent at time t < #/, as desired.

Since the DM must be indifferent at every time t € 7 under (d*, u*¢), we have

Ele(t* =) | T > ] = (1) > p(uf).
Since (d*, u®) is feasible, the above inequality must be the equality. Thus, ¢(u;C) =
¢(us) for every t € T, and the DM is indifferent at every time ¢t € 7 under (d*, u©).
This means p° is a maximal belief path corresponding to T*, implying both increasing
and extremal paths. These together conclude d* € DM, and d* =cx d, as desired.
Finally, we show that d =cx dPET Tet d,dPET € D,. We need to show, for every
concave function f € T — R, E.4[f(7)] < E,._soer[f(7)]. For each f, define an

augmented function fR as a linear interpolation of f on IR. Note that fR is still concave

if f is concave. By Jensen’s inequality, we must have

Ecvalf(1)] = Ervalfr(7)] < fr(s) = Erperglf(7)],
where the last inequality follows from that fR is linear on the domain [|s], [s] + 1].
Thus, d >=cx dPET, as desired. O

B.2 Proof of Theorem 2 (ii). We drop the boundary constraint and relax the obedience
constraint as follows:

Definition 13. A stopping time T is pre-feasible if T satisfies the relaxed obedience con-
straint: E[cT | T > t] — ct < ¢* forevery t € T. For any s > 0, let

Dielax(s) ={d € A(T) : Er—4[t] = s, T ~ d is pre-feasible}

be set of distributions of pre-feasible stopping times whose expected value is s.

It is clear that every feasible distribution of stopping times is pre-feasible: D(Z(s)) C
De1ax (s). We sketch the outline of omitted proofs in Section 4 is as follows. To prove
Theorem 2 (ii), we show that 1) extreme points of D, (s) have the property of block
structures, and 2) extreme points of D, (s) are in D(Z(s)) using a supporting single-
jump belief path.

The following Lemmas 8 and 9 imply Theorem 2 (ii).
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Lemma 8. For every s > 0, Ext(D,p1a:(s)) = D(ZPLOK(5)) N D,pax(s). Equivalently, for
every d(T) € Ext(D,e14x(8)), there does not exist times r1 and r1 with r1 < rp such that all of
the followings hold:
(i) The stopping time is rq and ry with positive probability, but not between these times:
P(t=r1),P(t=rp) >0,and P(t € (r1,72)) =0
(ii) T is after ro with positive probability: P(T > ry) > 0.
(iii) The DM is not indifferent at r1 under T: E[ct | T > 1] —crq < ¢*.
Moreover, Ext(Dyeiay(s)) = Ext(Ext(Dyerax(s))).

Proof of Lemma 8. Suppose towards a contradiction that there exist ry < 1, € T satisfy-
ing (i), (ii), and (iii). Define « € (0,1) as the solution of ary 4+ (1 — a)E[T | T > rp] = 12.
This is well-defined because IP(T > rp) = 0. For € in a small neighborhood of 0, we

define a new stopping time 7€ as follows:

(]P(T:t) t<r
P(t=r1) —ae t=r
P(tc=t) =40 r<t<r
P(t=r)+e t=r
(1-a)e _
\<1_]P(T—>1’2))IP(T_t) t>7"2

It is easy to check that 7¢ corresponds to a valid probability distribution. An im-
portant observation is that t¢|t¢ > r, 4 T|T > r;. We now verify that the relaxed
obedience constraints remain fulfilled.

Case 1: the relaxed obedience constraint at ¢t < r;. Note that P(t¢ > t) = P(7 > t).
Consider that

E[t°1{t* > t}| - E[tl{t >t} =rn—(arn+ (1 —a)E[t | T >1r]) =0
by the definition of a. Thus, E[t¢|t¢ > t] = [E[t|T > t|. Since T satisfies the relaxed
obedience constraint at ¢, so does T€.
Case 2: the relaxed obedience constraint at t € [rq,7;). Since E[cT | T > r1] — crp > ¢*
(condition (iii)), T¢ must satisfy the relaxed obedience constraint at 1 for small €. The
relaxed obedience constraint at f € (r1, rp) is then implied by that at r;.
Case 3: the relaxed obedience constraint at t > r,. This clearly holds because ¢|7¢ >
D 4 T|T > rp and 7 satisfies the relaxed obedience constraint at .

Therefore, T¢ satisfies the relaxed obedience constraints, implying d(7¢) € D, (5).
This is a contradiction because d(7) = d(7¢)/2+d(t7¢)/2but d(7) € Ext(D,e1ax(5)).
It is easy to see that Ext(Dy,sy(s)) = Ext(Ext(Dy,14x(s))) because a convex combina-
tion of two different block structures cannot be another block structure (with the same
expected time). N

Lemma 9. Suppose pg € D or we are in the binary environment. For every s > 0,
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Ext(prelax(s)) - D(I(S))

Proof of Lemma 9. Suppose d* € Ext(D;,11x(s)). To show that d* € D(Z(s)), we will
find a supporting belief path (y¢);e7 such that (d*, (yt)ier) is feasible. Let ty :=
min{t € T : d*(t) > 0} be the first time that the DM has any chance to obtain
full information. Define a jumping belief p;, == (1 — B)uo ® pu*, where B satisfies
(1—PB)¢(po) + Bp* = E[ct | T > to] — cto, and pu* € P*. We construct a single-jump
belief path ()¢ with a jump time f = f( and a jump destination fi = piy,.

To complete the proof, we show that (d*(-), (1)) satisfies the obedience and bound-
ary constraints. To see this, when t < t(, the obedience constraint at time 0 is sufficient
since the DM receives no information between times 0 and tj. The obedience constraint
at time t = o holds by the definition of § and the concavity of ¢. Consider any time
t > to. The original and relaxed obedience constraints at time ¢ coincide if y;, = p*,
which is true if d* has at least one indifferent block. If 4* has only a terminal block with
a terminal time f, the DM receives no information between times t; and £, so the the
obedience constraint at time ¢ is implied by that at time £.

For boundary constraints, it is sufficient to check at time fy because it is the only
time the belief path moves. Suppose d yields a stopping time 7. It is easy to verify that

o) mingee Z ?gg; when |A| = 2 and |®| = 2. The obedience constraint at time 0

¢(u*)
implies

¢ (o) > P (T > to)Elet | T > to] > P(T > to) ((1 — B)¢p (o) + Bp*).

Moreover,

min 0©) _ po(6) _ ¢ (po)
6co 11(0)  6co (1—B)uo(0) +pu*(8) (1 —B)¢(po) + Bop*
Thus,
P(t >t) ¢(po) ()
Pesto-1) 070 S G ) + Byt B @)’
as desired. O

B.3 Proof of Proposition 2. We will prove Proposition 2 (i) and deter the proof of a
generalization of Proposition 2 (ii) to Online Appendix II.3.

Proof of Proposition 2 (i). First we show that, for any designer-optimal stopping time T,
supp TN [T, 00) # @. Suppose a contradiction that supp 7 C (0,T). Then E[f(7)] =0
which is suboptimal for the designer because, if T’ is a Poisson stopping time with a
high arrival rate so that the obedience constraints hold, then E[f(7’)] > 0.

Next, we show supp TN [T — ¢* /¢, T] # @. Suppose that t = minsupp TN [T, o).
Let ty) = maxsupp TN [0, t1). This implies (to, t1) Nsupp T = @. The obedience condi-
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tion at time fp implies

¢* > ¢(pry) = Ee(t —to) | T > to] > c(ty — to),
which implies ty > t; — ¢*/c > T — ¢* /c. Since t; = minsupp TN [T, 00) > ty, tg < T.
Thus, tg € supp TN [T — ¢*/c, T|], as desired.

Next, we show that the DM is indifferent at every time t < T — ¢*/c. Pick tg €
supp TN [T —¢*/c, T]. Because f(ty) — f(to — 1) = 0, we can directly use Pivot Lemma
to show that DM must be indifferent at tp — 1 and t) — 1 € supp 7. Applying Pivot
Lemma (backward) inductively, we obtain that the DM must be indifferent at every
time t < tg, as desired.

Finally, we show that that The DM’s belief reaches the basin before time t < T —
¢* /c. We introduce the following lemma.

Lemma 10. Let |©| = n. There exists a constant C > 0 such that the following statement is

true: fixing T, suppose that T > 0 satisfies
T
Y (logP(t > t) —logP(T > t+1))"! > C.
t=0
Moreover, assume that {u € A(®) : ¢p(u) > ¢(po)} C int A(®). Then, uy € O* for every

t>T.
Proof. See Online Appendix II.2 O

Because the DM is indifferent at every time t < T — ¢* /¢, we obtain the following
P(r>t+1[7> 1)) +¢ = o),
implying

_ PGue) —c _ p(ue1) —c _ 9" —c .,
Ple>t+ljr>10= ¢(pes1) : ¢(pes1) = g 7 <t

Set Tp = W and consider sufficiently large enough T such that T > Ty 4 ¢*/c.
Thus,
iy 2C
Y (logP(t > t) —logP(T > t+1))" ! > g (—logp*)" ! =2C>C.
= (—logp*)"
Lemma 10 implies that y; € ®* for every t > Tj, as desired. O

APPENDIX C: SEQUENTIAL OPTIMALITY & ATTENTION CAPTURE WITH SUSPENSE

C.1 Proof of Theorem 3. We first define an information structure where DM is indif-
ferent between continuing and taking action at every non-stopping history:

Definition 14. A non-stopping history H; is indifferent or no-learning (IN) if the DM
is indifferent between continuing at H; or stopping and taking her best option under
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belief u|H; i.e.,

sup E![v(ar,6,7)|H;] = rl?eaz( E, m, [v(a,0, T =1)];

T,ar

I is IN if every non-stopping history H; which realizes with positive probability is IN.

Outline of proof. The following sequence of results imply Theorem 3:

1. For all designer problems f such that Assumption 1 on the compactness of the set
of feasible joint distribution is fulfilled, there exists a designer-optimal structure
which is regular (to be made precise later) and has deterministic continuation
beliefs (Lemma 11).

2. Regular information structures which have deterministic continuation beliefs can
be modified to be IN while preserving the joint distribution of stopping actions
and times (Lemmas 12 and 13)

3. If an information structure I is IN and designer-optimal, I is sequentially optimal.
The converse is also true if the DM’s payoff function can be written as v(a, 6, t) =
u(a,0) — ct. (Lemma 14).

Proof of Theorem 3. We proceed via the steps outlined above.

Step 1: Regular optimal structures with deterministic continuation beliefs exist.

Definition 15. An information structure I is regular if either
(i) I has a terminal time T i.e. P!(7(I) > T) = 0; or
(i) theset Tin(i) :== {t € T | IisIN at every non-stopping history at time ¢} is infi-

nite.

Lemma 11. Under Assumption 1 with the designer’s function f, there exists a regqular in-

formation structure with deterministic continuation beliefs I* such that I* is a solution to
maxjez E[f (ar,6,7)]

The proof of Lemma 11 is involved and deferred to Online Appendix II.4.

Step 2: Regular structures with deterministic continuation beliefs can be made IN.

The next lemma provides a method to recursively modify continuation histories
while preserving the joint distribution over outcomes. The proof proceeds by perform-

ing ‘surgery on the tree” and is in Online Appendix II.4.

Lemma 12. Fix a dynamic information structure I and time t > 1. Suppose I is IN at every
non-stopping history at time t + 1. There exists a dynamic information structure I' such that
(i) I and I' induces the same joint distribution over actions, states, and stopping times;
(it) I' is IN at every non-stopping history at time t; and
(iii) for everys >t +1,if I is IN at every non-stopping history at time s, so is I'.

Note that Lemma 12 implies the more intuitive inductive step that if I is IN for

all non-stopping histories after t + 1, then there exists I "such that I’ is IN for all non-
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stopping histories after time . However, this form will be useful to prove the result for
infinite structures. We now use Lemma 12 to modify regular structures with determin-
istic continuation beliefs such that they are IN.

Lemma 13. Suppose I is regqular with deterministic continuation beliefs. Then there exists an
information structure I* IN such that I and I* induce the same joint distribution over actions,
states and stopping times.

Proof of Lemma 13. We start from a finite uniquely obedient information structure I
with terminal time T. We use Lemma 12 to modify an information structure at the
terminal time. As a result, we have the information structure that is IN at every history
attime T — 1. We apply the previous lemma again and obtain the information structure
that is IN at every history at time T — 1. Keep doing this until time 1 and finally obtain
an IN information structure.

If Tin == {f1,t2,... } is infinite, assume t; < fp < .... We define (I"), iteratively:
let Iy = I. For each n > 1, we use Lemma 12 to modify an information structure [ n—1
at time t, and then t, —1...,t,_1 + 1 to finally get I,,. It is easy to show that I" is IN
at every history at every time t such that 1 < t < t, and d(I) = d(I") for every n.
Moreover, if m < n, I'" and I" coincide for every t < t,;,. Thus, we can define I* such
that I* and I" coincide for every t < t,, and m > 1. This implies I* is an IN information
structure and d(I*) = d(I) as desired. O

Step 3: IN structures are sequentially optimal.

In Steps 1 and 2 we showed optimal information structures can be made IN. We now

show that optimal IN structures are sequentially optimal, which implies Theorem 3.

Lemma 14. If a dynamic information structure I is IN and optimal for the designer, then it is
also sequentially optimal. The converse is also true if the DM'’s payoff function can be written
asv(a,0,t) =u(a,0) — ct.

Proof of Lemma 14. Suppose towards a contradiction that I is IN and optimal but not
sequentially optimal for the designer. This means there exists a positive probability
history H; such that, given that the DM pays attention until Hj, the designer could do
strictly better by offering an alternative information structure I} instead of I; (which is
I after history H;). Then modify I by simply replacing the information structure after
H| with I]. This results in a new information structure I’.

We will show that the DM’s value conditional on paying attention until H; under
I’ (denoted by U'' (H;)) is higher than that under I (denoted by U!(Hy;)). Since I is IN,
U'(H;) = v} (ut | Hy). The DM’s value conditional on paying attention until H; under

I’ can be written as a solution to the following optimal stopping problem:

U" (He) = maxE"[o* (e, 7) | Hi) = 0" (ut | Hi,t) = U'(H),
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where the inequality is obtained by choosing T = t*.

This directly implies that the DM continues paying attention every time before his-
tory H; because the continuation value at H; under I’ is greater than that under I.
Moreover, at history Hs where s < t and Hs; ¢ H;, payoffs remain unchanged. We have
verified that the agent’s continuation incentives at each history remain unchanged. But
since the designer receives strictly more payoff at history H; under I’ and Hy is reached
with positive probability, I’ delivers strictly more expected payoff for the designer than
I does, which contradicts the optimality of I.

For the converse, if I is not IN at some history H;, then it is not sequentially optimal

at H; by zero DM’s surplus result from Proposition 1, as desired. O

Steps 1, 2, and 3 imply Theorem 3. O

C.2 Proof of Theorem 4.

Proof of Theorem 4. It suffiecs to consider information structures with degenerate stop-
ping beliefs because this slackens every obedience constraint at which the DM prefers

to continue paying attention. Define a stochastic process () where

¥t = E[ps(ue) — ¢s(pe1) | He] > 0.

Fixing t, observe 1y = 0 under {7 < t} since DM receives no further information after

stopping. We can rewrite the obedience condition under suspense as follows:

E[ég(%)mt] zlE[c(T—t) | Ht} :E[ég(lpsnwt} 21E[c(r—t)|r>t .
Thus,

Elc(t— 1) |t> 1 < Y E[g(gs) | 7> 1]

s=t

- i]E[g(l[Js) 7> s|P(T>s]T>t)

> E[}Y3; s t
< ( :tIP(T >s|T> t))g(zgi[t%(_;t |s|TT>>]t)> (Jensen)

S

Note Y o2, P(t >s |t > t) = E[t —t| T > t] so obedience is implied by
E S ¢s [ T> 1] E i ¢s [T> 1] -1
< >
C—g< Er—t[ct>q ) Er_t[t>f =& ©
since g is strictly increasing. Further observe from the law of iterated expectations,

E| Y ¢ | Hi| = s | H) = B[ L | 7> t] =E[gs(ue) | 7> t] < gs(ue | 7> 1),
s=t ~s=t B

which implies

g—l(c)-m[r—t|r>t' gm[f¢s|r>t' < s | T> 1),
_ = _
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for every t € T. Call this condition the relaxed obedience constraint. Define ut = g |
T > t. By the martingale condition

Euf(0)] =P(t>t+1|t>us0) +P(r=t+1|Tt> )0 |t=t+1)
>P(t>t+1|T>t)u54(0).

We call this condition a relaxed boundary constraint. Thus, the designer’s optimal
value is bounded above by the following relaxed program:

fi=  max  Ef(7)]

(<>< ()

£
eA(T) = (a(©))
st. ¢s(uS) > E[g ()t |T>t]—g )t Vt€T  (Relaxed obedience)
P(t>t+ 1)Vt+1 <P(t > )t (Relaxed boundary)

If I"* as a sequentially optimal information structure of the above program. Consider
any non-stopping history H; under I**. With a sequential optimal modification, the
relaxed obedience binds for every history H; under I**, implying

¢s(ue | He) = E'[gs(pes1) | H+g 7' (c) = ¢ | Hi =g~ (0),
which does not depend on j, for every non-stopping history H;. Thus,

E[ig(%)ym} :]E[icl{r>s}\Ht] zlE[c(T—t) yr>t],

s=t
which means continuation incentives under [** are preserved. Thus, [** is a sender-
optimal information structure under suspense, and the sender’s optimal value under
suspense must coincide with f.

If I** is a sender-optimal information structure under suspense, then I** must be an
optimal structure of the above program. Proposition 1 implies the relaxed obedience
must bind at ¢t = 0. This means all earlier inequalities must bind when t = 0, implying
E[¢ps(pt) — ¢s(pii1) | Hi] = g7 (c) for every non-stopping history H;. Since ¢s(u°) =
0 for every stopping belief 15, we must have

T—1

bs (i | He) = B Y (9s(us) = 9s(ps)) | He| = g7 (e) (Elx | Hi] — 1),

s=t

which implies the DM is indifferent at every non-stopping history H;. Thus, I** is IN
and optimal for the designer under the case of instrumental utility. By Lemma 14, I**
is also sequentially optimal.

O

APPENDIX D: PROOF OF OPTIMAL ATTENTION CAPTURE AND PERSUASION

D.1 Preliminaries for proof of Theorem 5. We first develop several useful results.
Let ji be the belief at which the DM is indifferent between actions 0 and 1. Recall
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P is the set of joint distributions over beliefs and stopping times. Define P* as the
set of designer-optimal feasible distributions, noting that it is without loss to consider
P* C A({0,1,1} x T) NP since we can extremize stopping beliefs while preserving
joint distributions over outcomes; Online Appendix I formalizes this. Note that each
feasible distribution p € P pins down the unique continuation belief path: if the DM

has paid attention up to time ¢, her beliefs at t are, by Bayes’ rule,

E s oo [1°1{T > t}]
C . P _ Epcha)~p
‘ut (p) T ]Pt (.uT | T> t) - ]P(ys,f)fvp(T > t) s

where we sometimes drop the dependence on p when there is no ambiguity about the

(C-Belief)

dynamic information structure.

Definition 16 (Switching distribution). Let p € A({0, 1,1} x T). For every (p1,t1), (p2,t2) €
{0,71,1} x T such that py, 1, Py, > 0, define a new probability distribution p&(#1-#2t2)
for e € (0,min{py, 1, Py, }) as follows:

€,(pt1pat2) €,(p1tipaty)
Puity = Pmt —€ Pty = Pugty — €
€,(;M],t1,’]42,t2) e/(ylrtl;FZItZ)

Pty = P, T € Puyty = Pupty T €.
It is easy to see that p and p’ = p©(H/1#242) share the same average belief and the same
marginal distributions over actions and times. If both p and p’ are feasible, then both
of them yield the same designer’s addivitely separable payoff.

Lemma 15 (Switching Lemma). Let p be a feasible joint distribution and fix T € T. Then
for sufficiently small € > 0,

(i) if u$(p) > fi, define Ty = min{t > T : p1; > 0} as the first time DM stops at belief 1.
Then p&#1 TV s glso feasible for every ur € {0, i};

(i) if uS(p) < fi, define Ty = min{t > T : po; > 0} as the first time DM stops at belief 0.
Then p&#1:T0T0) s also feasible for every ur € {1,fi}; and

(iii) p&r i) s feasible for every ur € {0,1} and t > T.

The Switching Lemma gives a sufficient condition under which switching distribu-
tion does not hurt continuation incentives. We use this to appropriately push stoping
beliefs 1 and i to back in time. This implies a weaker version of Theorem 5:

Lemma 16 (Additively separable preferences). Suppose f is additively separable. Define
Pruy ={p € P :Vt € T,pg =0}

(i) A terminal time T exists and p T > 0

Pro=dpepr: . (ii) p1s = pus = O forall s < T, an'd’ .
bad " (iii) For every t < T such that po; > 0, DM is indifferent
between stopping and continuing at time t upon receipt of H-

Then P}ku” UPyg 7D
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P}ku ;; (“full information”) corresponds to distributions under which (i) the DM only
stops when she obtains full information. P}, (“bad news”) corresponds to distribu-
tions under which there is a fixed terminal time T when the DM could stop with belief
fi; at this terminal time, (ii) the DM only receives bad news for all times t < T i.e.,
conditional on stopping before time t, the DM is certain that 8 = 0 and furthermore,
(iii) on times t < T where the DM could receive bad news (i.e., po; > 0), the DM is
indifferent between stopping and continuing if she does not receive bad news.

The proof of Lemma 16 is deferred to Online Appendix II.5. We conclude the pre-

liminaries with the following Pasting Lemma explained in the main text.

Lemma 17 (Pasting Lemma). Suppose p be a feasible joint distribution with prior belief
1o > fi, leaving DM surplus ¢. There exists a feasible joint distribution p’ with prior belief
uo = fi, which leaves DM's surplus ¢, and I and I’ induce the same joint distribution over

action and stopping time.

D.2 Proof of Theorem 5.

Proof of Theorem 5. 1If Prun # @, then a designer’s optimal information structure can
be obtained by implementing degenerate stopping beliefs (full information). Hence
the DM’s expected action coincides with her prior beliefs. By additive separability, it
is sufficient for the designer to just consider the stopping time, which falls into the
pure attention case. Now suppose Pr,;; = ©. By Lemma 16, P, # @ and consider
any p* € P, .. Let ty be the first time the information structure provides a stopping
message with positive probability before time T. Since the DM is indifferent between
continuing and stopping at time ty and y% > ji by the definition of P} ,, the designer
could stop providing further information at y% and let the DM take action 1 imme-
diately while her dynamic incentives before time f( are still preserved. Since p* is
optimal for the designer, stop providing further information at time fy must be weakly
suboptimal for the designer. We will show that the designer’s utility does not change
if the information structure ends at time ty instead. This concludes the proof because
truncating the information structure at ¢y results one-shot persuasion.

Suppose a contradiction that stopping providing further information at time ¢ is
strictly suboptimal for the designer. We modify the information structure as follows:
let p/ = (p*)&ORT) for small € > 0. By Lemma 15, p’ is a feasible distribution. Now
observe that the designer’s value function is additively separable hence both p’ and p*
yield the same expected value. Thus, p’ € P*.

By pasting lemma, we construct an information structure I’ | t > ty with the prior
belief fi from I | t > to with the prior belief ytco > jisuchthat ' |t > topand I | t >ty
induce the same distribution of actions and stopping times. We further modify the
information structure p’ by pasting I’ | t > t( at the stopping belief i at time #( (this
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happens with positive probability because p;_l,to > 0). This modified information struc-
ture must be strictly better for the designer than p’ because 1) the designer’s utilities
under I’ | t > tpand I | t > t( are the same 2) the designer’s utilities under stopping
providing further information at ji and yg at time () are the same f(1, ), and 3) we
assumed earlier that the designer finds it suboptimal to stopping providing further

information at ,ug, which is a contradiction. O
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Online Appendix to “Attention Capture’

Andrew Koh and Sivakorn Sanguanmoot
FOR ONLINE PUBLICATION ONLY

Online Appendix I collects omitted technical details. Online Appendix II collects
the remaining proofs of auxiliary results used in the main Appendix. Online Appendix

III discusses optimal attention capture under nonlinear time preferences.

ONLINE APPENDIX I: TECHNICAL DETAILS

I.1 Generalized martingale and obedience constraints. From Step A of the proof
Theorem 1, it is without loss to consider information structures with a unique con-
tinuation belief if the joint distribution over of stopping times and stopping beliefs are
objects of interest. If the DM prefers to continue at these unique continuation beliefs,
call such information structures uniquely obedient. Each uniquely obedient dynamic
information structure I induces a probability distribution p over A(®) x T, where, for
every Borel set B C A(®) x T, p(B) = ]PI(ptT(I),T(I)) € B) i.e., p is a probability dis-
tribution of stopping times and stopping beliefs of I. Note that p also pins down the
unique continuation belief path: if the DM has paid attention up to time ¢, her beliefs

at t are, by Bayes’ rule,

E (s 0)wp 5 1{T > t}]
C P _ (S )~p
pi(p) =Ei(pr [ 1> 1) = P ey

7

w5 0)~p
where we sometimes drop the dependence on p when there is no ambiguity about the
dynamic information structure. We say that a distribution p over A(®) x T is feasible,
if some uniquely obedient information structure induces p. The next lemma gives

conditions under which p is feasible.

Lemma 18. A distribution p over A(®) x T is feasible if and only if the following constraints
hold:

(i) (Martingale constraint) pg = ]E(HS,T)NP[‘MS]'

(ii) (Obedience constraint) For every t € T,

P (s 1)p(T > 1) 0 (ub,t) < ]E(yslr)wp[v*(ys,r)l{r > t}].

N J/ N
~~ ~~

=STOP/ =CONT/

1.2 Extremized information structures. We further reduce the dimension of feasible

distributions by considering only extremal beliefs. Recall DM’s action space A and

FMIT Department of Economics; emails: ajkoh@mit.edu and sanguanm@mit . edu
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state space © are finite. For each A’ C A, define the set of beliefs under which every
action in A’ is one of the DM’s best responses:
Xou = {1 € A©) : A C (1)},
Since A is finite, X; 4/ is a polytope. Each extreme point of X; 4 is called an extremal
belief. We denote the set of all extremal beliefs as follows:
XEXT = | Ext(Xp ).
A'CA
An extremized information structure of 71; is 7; € A(XFXT) such that (i) 7} pre-

serves the mean of 714; (ii) DM’s expected utility under 71; and 7t are the same.

Lemma 19. For any 7 € A(A(®)), there exists an extremized information structure of 7t
denoted 7t}. Moreover, for any designer’s utility function f; : A — R inducing the indirect
utility function hy : A(@) — R, Eyom (i) < Eponshe(p) -

The proof of Lemma 19 is omitted and straightforward, and variants of it has been
used in (static) information design (Bergemann, Brooks, and Morris, 2015).

Lemma 19 implies it is sufficient for the designer to consider feasible distribu-
tion p over A(®) x T to the set of pairs of time and corresponding extremal beliefs
XEXT(T) = {(ut,t) : t € T,ur € XEXT}. This is because an extremized infor-
mation structure 1) preserves the DM’s continuation utility (hence, incentive to con-
tinue) and hence 2) weakly increases the designer’s value. Thus, it is without loss for

the designer to choose a feasible distribution p from the set of feasible distributions
PEXT .= PN A(XEXT(T)). For each p € PEXT, we denote

Pust = ]P(y,r)wp(.u =u',T=t)
for every t € T and p* € XFXT,
1.3 Topology over the set of feasible distributions PEXT. Assume as in the main
text that costs are additively separable v(a,0,t) = u(a,0) — ct. It is easy to see that
the extremal beliefs do not change over time. Define XEXT = XEXT We will create
a topology of feasible stopping times and beliefs over XEXT x T We start with the

following lemma.

Lemma 20. Let 6§ =1 — # There exists a constant K such that P(t = t) < Ké' for every

t € T and every feasible stopping time T.

Proof of Lemma 20. Let C; := E[cT | T > t] — ct. We know from the obedience constraint
that C; is bounded above by ¢*. Consider that

Ci+ct=E[ct|T>t+1P(t>t+1|t>t)+c(t+1)(1-P(r>t+1|T>1t))
=c(t+1)+CpP(r>t+1|T>1t),



which implies that P(t > t+1 |7 > t) = CC:';:, for every t € T. Note also that C; > c.

Thus,

N

t—

P(t>t—1)=|[P(t>s+1]|1>5)
s=0
_ _ t—2
:t 2CS_C:C0_CﬁCS_C§4)*_C<1_i> ’
i=o Gst1 C1 o7 G ¢ P*
as desired. ]

Corollary 4. Suppose (p')ien € PEXT pointwise converges to p* € [0,1]N. For every
function f : A(®) x T — R such that lim;—co SUP,c5 (@) | (1, £)|0F = 0 for some & €
(6,1] , we must have
lim 3 Y [P (e t) = p"(w OlIf ()] =0.
"7 beT ye XEXT
Proof of Corollary 4. From Lemma 20, we observe that |p'(u,t) — p* (i, t)||f (1, t)| <
2M&! | f(u,t)| =: h(p,t). Consider that
Y, Y hMuoy=2M ) ) Sf(pt)] <o,
teT peXEXT uEXEXT teT
which follows by our condition that lim; e | (1, 1)|6} = 0 for some 67 € (J,1]. Be-
cause |p;,t — p;,t} f(u,t) converges pointwise to 0 and f is integrable in I!, the lemma

is directly followed by dominated convergence theorem. O

Pick any 6 € (J,1). We introduce a metric A of PEXT as follows: for any probability
PEXT

AL P) =Y Y Ipui—paald .

t=1 yeXEXT

measures p!, p? €

This metric is well-defined because the obedience constraint at t = 0 implies
(o] 1 2 . oo 1 _ oo 2 _ [ee] _
Lo X Apwem bl b pud ), ) pud S2) M(8/5),
t=1 e XEXT t=1 e XEXT t=1 e XEXT =1

which must be finite because § > 4. It is easy to verify that A is a metric. We use the

metric A to construct a topological space of PEXT and obtain the following lemma.

fPEXT

Lemma 21. is compact under the metric A.

Proof of Lemma 21. Consider any sequence (p');en € P C [0,1]N. Since [0,1]N is com-
pact under the product topology, there exists a subsequence (p'*),cN that converges
pointwise to some p* € [0,1]N. We will show that 1) p* € P and 2) (p™),cn converges
to p* under the metric A.

1) To show that p* € PEXT, we show the following:



* p* satisfies the martingale constraint, which also implies p* is a probability dis-
tribution. For every 0 € ©, using Corollary 4 with f(p,t) = u(f) and 6y =1 €
EIVES Y Y pum®)=lm Y Y piu(8) = po(6),

teT ueXEXT teT neXEXT
as desired.

* p* satisfies the obedience constraints at every time t € 7. Fix actiona € A,
f(1,s) = Locon(0)u(a,0,5)1{s > t} and dy = 1 — e satisfies the condition in
Corollary 2 because u(a, 0, s) is linear in s. Thus,

[e9) o0

Y. Yoo ) u(a6t)u 0)pys s = lim Yo Y ) u(a,@,t)yS(G)p;'ZS,S.

s=t+1,ScXEXT(@) 0O s=t+1 ySe XEXT fc®
Similarly, using Corollary 4 with f(u,t) = *(],t, ) gives
Y Yo Prs (00 —,}g{}oZ Y Pyt (19).
s= t+1ySeXEXT 5= t+1ysexEXT

With the obedience constraint at ¢ for every p', these together imply the obedi-

ence constraint at ¢ for p*, as desired.

2) Applying Corollary 4 with f(y, t) = 6" and 67 = § — €, we obtain lim,, . A(p™, p*) =

0. Thus, (p'),en converges to p* under metric A, as desired.
From 1) and 2), any sequence (p')icny C PEXT has a convergent subsequence in

PEXT under the metric A. This implies PEXT is compact under the metric A. O

Note that we can apply a similar proof to show that Ds is compact under the metric

A7, defined as Ar(d',d?) = Y |d () — d*(1)|5 ",
teT

for every d!,d! € D;.

Proposition 3. If costs are additively separable as in the main text: v(a,0,t) = u(a,0) — ct
with the designer’s function f : A x T — R™ such that there exists 65 € (1 — (Pi 1) such

that lim sup, .. f(a, t)(SJtr < oo for every a € A. Then, Assumption 1 holds.

Proof of Proposition 3. Let § =1 — . We choose 6 € (4,05) and create a metric A using
6. We showed earlier that PEXT is compact under metric A. Because lim sup; . f (4, t)é} <
oo for every a € A and A is finite, there exists a constant M such that f(a,t)é' < M for
everya € Aandt € T. Recall that h(p, t) := max,cq+(,,) f(a*(p), t) forevery p € XEXT,
which implies h(y,)6' < M. For any € > 0 and p!,p> € PEXT, if A(p!, p?) < e/M,



then

Yo Y puh(ut)=Y Y phh(ut)

teT ueXEXT teT ueXEXT
1 2 1.2
<Y Y pue—pilh(pt) < MA(p', p?) <e.
teT peXEXT
This implies the map p — Y7 )}, cxexr puth(p,t) is continuous under metric A.

Thus, Assumption 1 holds under metric A, as desired. l

This proposition implies the existence of a solution to the optimization problem for
the designer under the regularity assumption, and the set of the designer’s optimal
and extremized information structure, says P* C PEXT, is compact. Finally, noting
that the function p — p; ;27" is well-defined and continuous under the metric A we

have the following corollary.

Corollary 5. When |A| = 2 and |®| = 2 with the set of extremal beliefs XFXT =
{0, f1, 1}, the optimization problem minycp+ Y 47 pp,2~" has a solution.

I.4 Proof of the existence of an undominated belief path.

Proof of Lemma 4. Our first step is, fixing a distribution of stopping time d(7), to study
the set of belief paths that satisfy Proposition 1 in order to verify that T is a feasi-
ble stopping time. We endow WV with the product topology of the weak topology on
A(©). Because A(®) endowed with the weak topology is compact and metrizable,
so is W by Tychonoff’s theorem. We show that W(t) is sequentially compact; hence,
compact. Consider ((ul)ie7)2, C W(T). Because W is compact, there exists a con-
vergent subsequence ((yi")teT)f:O as 1 — oo, Suppose that (4" )ier — (Ui)ter € W
as n — oo. This implies yi” — uj as n — oo under the weak topology on A(®) for
every t € T. It suffices to show that (i} );e7 € W(7). Because ¢ is continuous under

the weak topology on A(©), for every t € T, we have
¢(uy) = lim p(u") > Elet | 7> ] —ct,

n—r00
where the inequality follows by (y/");cr € W(t). This implies the obedience con-
straint holds for the belief path (i} );c7. Moreover, we have P(t > t +1) ptlt"fH(G) <
IP(T > t)u" (0) for every t € T Therefore,

P(T > t+ 1)y (0) = lim P(7 > £+ 1)y, (6) < P(r > Dy (6) = Pt > D (8),
which implies the boundary constraint. This implies (y} )i € W(7), as desired.
Define F : WW — R such that F((y¢)ie7) = Yieo %qb(yt). F is well-defined because
IF((pe)ier)] < Ti20 29" < 2¢*. Moreover, for every € > 0 and every T > 1+
log(¢*/€)/ log?2, we have Y ;2 1 %(P(‘I/lt) < ﬂ%lqb* < e. This implies Y12, %¢(yt) is



uniformly convergent. Therefore, F is continuous under V. Since W(1) is compact

and nonempty, we can find

(i et € argmax, ) cyy o) F((e)ieT)-
Suppose that there exists (y);e € W(T) such that ¢p(u¢) > ¢(u;) forevery t € T and
the inequality is strict for some t € T. This directly implies F((p¢)ie7) > F((1f)teT),
which contradicts the optimality of (y});c7. Therefore, (yf)ic7 is a maximal belief

path under 7. O

ONLINE APPENDIX II: REMAINING PROOFS OF TECHNICAL RESULTS

IL.1 Proof of auxillary results used to show Theorem 2. We will prove Lemma 7 and
6

Proof of Lemma 7. Fix any d € Ds. We first show that the upper contour set UP(d) =
{d" € Dy :d" =cx d} is compact under the metric A7

Since Ds is compact under A, it suffices to show that UP(d) is closed. Suppose a
sequence of (d;)ieny € Ds converges to d* € A(T) under the metric Ay. Since D; is
closed, d* € D;. For any s € T, define f; : T — R such that f;(t) = (t —s) - 1{t > s}.
By Corollary 4, we must have
lim tzofs(f)di(t) = tzofs(f)d*(t).

i—00

This implies B e [f5(T%)] = B, [fs(T)] > Ernalfs(7)],

for every s € 7, where the inequality follows from the convexity of f; and d; > d.

We must have d* =, d, implying d* € UP(d). Thus, UP(d) is closed, as desired.
Define a function i : 7 — R such that h(t) = 6!, where § = 1 — 547+ The proof of

Proposition 3 shows that the map d € D +— Y ;7 d(t)h(t) is continuous under metric

A7. Thus, an answer to the following maximization problem exists:

E.z[h(7)].
g B o [h(7)]

Note that there is no d’ € D; such that d' >cx d*. To see this, if d ~cx d*, then
d' ~cx d, which implies d’ € UP(d). Since h is a strictly convex function, E,y [1(T)] >
E;4[h(7)], which contradicts the optimality of d*. O

Proof of Lemma 6. Suppose I is an information structure under which the DM strictly
prefers to continue paying attention at time fp and top +1 € supp 7, where 7 is the
induced stopping time. This means there exists 8y € © such that P! (j;,41 = &g,) > 0.

Define a new information structure as follows:



1. Forevery t < to, let I; = I and define a continuation belief /¢ = u¢.

2. At time to, modify I;, as follows:
Iy (B, S) | (1€, Chzto—1) = (0, S) | (1, Orzto—1) +€
Iiy (%, S) | (1%, Chto—1) = I (86, ) | (uF, Cezty—1) V0 #
Iy (g ©) | (i Oeztg—1) = Ig (i, ©) | (05, Oty 1) — €,

where ygoc is an appropriate belief so that the martingale condition holds.

3. To modify I;; 11, we introduce a new augmented message Cg,,, and define a new

information structure I{ |, as follows: let Py, = Ifo((?‘to C) | (15, C)i<ty—1) —

define
1 €
Ii.{o+1((§90'5) | (IMQC, C)tﬁfo) = ﬁ ) (Pto +€— 5)Ifo+1((590/5) | (.utcfc)téfo) - ﬁ
0 0

1
It 1((6,S) | (i, Cli<y) = P (Piy + € — 0)I1y11((89,S) | (uF, C)i<ry) VO # 6o

0

Iy i1 (i1, ©) | (1S, Chezty) = 5=+ (Pog + € = 6) L1 (41, C) | (1, C)e<ro)

1

P

1C /C 5
Ito—i—l((ytolcddﬁy) | (yt 4 )t<t0) P

$c _ ,C _ €
where we set M1 = M1 and ¢ = Plrello T L[Sk

4. For any t > to + 1 with history (u/C, C)s<, set
I (| (1, C)ser) = T (- | (1S, C)s<i).
5. Forany t € [to +1,t; — 1) with history H; € {(ps, ms)s<t : 3" s.t. my = Cyeiay },

set Iy (-| He) = (- | (5S,C)scrn).

6. For history Hy, 1 € {(ps, Ms)s<t;—1 : 3 8.t My = Cgelay } set
I (1, S) | Hy 1) = T —1((1,S) | (5S, C)scty—2) + P Ity (1, ) | (15, C)st 1)
I ((1,C) | Hy1) = Pult ((1,C) | (4, C)aztr—1),
where Py = I 1((4§,C) | (S, C)ocn 2).

7. For any t > t1 with history Hy € {(us, ms)s<¢ : 38’ s.t. mg = Cdelay}/ set

Fia( L) = Tea (- | (45, C)s<t)-

It is easy to see that the martingale condition holds for every t € 7. We show
the DM’s optimal stopping time under I’ to continue paying attention when she sees

message C or Cgelqy- Suppose this induces stopping time 7. From the construction of



I’, we must have

(P(r = 1) it < to
P(t=t)+€A ift =ty

P(e = t) = (1-6A)P(t=1t)—€A ift =ty+1
(1—-0A)P(t=1t)+5AP(t=t—1) ifte (to+1,t),
P(t=1t)+6AP(t =t —1) ift =ty,
P(t =1t ift >ty

\

where A = P!(t > t;). The obedience constraints clearly hold at every history (js)s<;
when t > t; by obedience constraints under I. We will show that the obedience con-
straints hold at every history ((us, ms))s<¢ in the support of T/ when t € [ty +1,t;) and
My 11 = Cyelay- It is easy to see that py = uS . By the obedience constraint at t — 1

under T,

¢(u) = p(pi ) > Ele(t— (t—1)) [ 7>t —1].
Consider that

Elc(t" —t) | (us, ms)s<i]
=Elc(t—(t-1)){te(t-—1LHtu|}|t>t—=1+E[c(t—t)1{t>H}|T>t—-1]
<E[c(t—(t—=1)) | T>t—-1]

< ¢(ur),

which implies the obedience constraint at the history ((ys, m;))s<; in the support of
T when t € [to +1,t1) and m;11 = Cgerqy- The DM still prefers to continue paying
attention at history (u/);<s, with small perturbation € > 0 because the obedience
constraint at time fy under I slacks. It suffices to check the DM’s incentive at time
t < to. Since uS = ulC for every t < ty, the stopping utilities under both I and I’ before
time t( are the same. The difference of the continuation utilities under I and I’ at t is

Elct'-1{t' > t}] = E[ct - 1{t > t}] = €A+ 6AP(T € [tp + 1,t1)) =0,
implying the continuation utilities at t under I and I’ are the same. Thus, the DM con-
tinues paying attention whenever she sees message C or Cyej,y- These together implies

d(t’) € Ds, where s = E[t]. For (i), the designer’s utility under I’ is more than that

under I because
E[f(7)] = [f(7)] = —Ae(f(to + 1) — f(to)) + AeE'[f(1 + 1) — f(7) | T € [to +1,11)]
> 0,

where the last line is from the assumption of f, which proves (i). For (ii), consider



every strictly convex function h. We must have
E[h(t)] — E[h(1)] = —Ae(h(ty+1) — h(ty)) + AeE h(t+1) —h(7) | T € [to + 1,11)]
> 0.

This implies d(t’) >cx d(t), which proves (ii). O

I1.2 Proof of auxillary results used to show Proposition 2 (i). Before proving Lemma
10, we introduce a definition of a feasible set of y;11 given y; and stopping time T

derived by the boundary constraint.

Definition 17. For every nonnegative number r < 1 and belief 1 € A(®), define
F(u,r) C A(O®) such that

F(u,r) = {p" € A(®) [ ri/(0) < u(6) VO € O},

]P(T>t+1)>
P(t>t)

With this definition, the boundary constraint is equivalent to yi;41 € F ( Ut,
for every t € 7. We now begin the proof of Lemma 10

Proof of Lemma 10. Consider any feasible stopping time 7. Suppose that ur ¢ o*.
Choose an undominated belief path and a distribution of stopping time (ji¢)sc7.

From Lemma 5, we must have ¢ (i) is increasing in t € 7 and the boundary constraint

binds for every t < T. Consider any ¢ty € 7. We will show that, for every t < T and

A € [0,1) such thatt > tg+ 1, we have Apy 11 + (1 — Ay ¢ int F(yto, %).
Assumes a contradiction that there are t; € 7 and A € [0,1) such that t; > f)+ 1

. P(t>f+1 . P(t>t+1
and Apg, 1 + (1 —-A)py, € int F(Plto, %) This means % < 1, so the

property of an extremal path implies y,11 € Bd F (yto, %) , SO Uig+1 7 Mty

We define a new belief path (y}):c7 as follows:
r_ {Mlﬁ (1—=A)py, iftg<t<t

Kt _
Ut, otherwise.

We will show that a pair of a belief path and a distribution of stopping time ((y});e7,d(T))
is feasible. The obedience constraint is still the same for t ¢ {to +1,...,t1}. If t €
{to+1,...,t1}, we have

¢(ur) = Ap(pe) + (1= MPp(psy) = ¢(jur),
where the inequality follows by the fact that ¢ (p) is increasing in t € 7. This directly

implies the obedience constraint for t € {tg+1,...,f1}. The boundary constraint is
still the same for t € {0,...,tp — 1} U {t1,...}. The boundary constraint holds when
t = to by the construction of A. Forany ¢t € {tc +1,...,t; — 1}, we have

. 1y (6) - Au(0) + (1= M)y (0) . ue(0) P(t>t+1)
min ————~ — min > min > ,
0cO py,1(0)  0c0 App1(0) + (1= Ay (8) — 6c0 ppy1(0) — P(T>t)

9



This concludes that the belief path (y});c7 is also an undominated belief path cor-
responding to the stopping time T because ¢(u;) > ¢(u;) for every t € T. How-
ever, the above inequality us strict for t = ty because i, 11 # pt,, which implies that
(u})ie7 does not satisfy the property of a maximal path. This contradicts with the fact
that (y})se7 is an undominated belief path. Therefore, for every to,t; € 7T such that
t1 > to+1, we must have Apy 1+ (1 — A)py, ¢ int F(yto, P&i;%”)

For any ®' C ©, define

T@,:{th

o = {9 € @‘Ht—i—l(e) = %W(G)}}

Note that 7 = © because the boundary constraint must bind. Moreover, for every

t € To, we musthave P(t > t) =P(7 > t+ 1) and pt = py11. Therefore,
Y. Y (logP(t > t) —logP(T >t + 1))+t
O'COteTy
T
(logP(t > t) —logP(t > t4+1))" 1 > C.

=0
Thus, there is a nonempty set ® C O such that ¥, (logP(t > t) —logIP(T >
t+1))"! > &. Considerany ty < t; € Tg/, we will show that there exists § € ®' such
that p, (6) > %WO(Q)- Suppose a contradiction that ¢, (8) < %ﬂto(g)
for every 6 € ©@'. Because j;11(0) < %Wo(@ for every 6 ¢ ©® we can find a
sufficiently small 1 — A > 0 such that Ay 1(0) + (1 — A)py, (0) < %l’”o(e) for
every 6 ¢ @'. For 6 € ©, we have

B (6) > Apia(6) + (1= A (6).

P(t>t+1)
P(t>t)

there exists 8 € ®' such that1 > u;, (6) > %ytow). This implies

This implies Apy 1 + (1 —A)py, € int F (yto, ), which is a contradiction. Thus,

0@’
is the empty set for every ty < t; € Tor.

Because {i € A(®) | ¢(u) > ¢(o)} C int A(®) and ¢(j;) is increasing in t, we
have u; € {u € A©O) | ¢(u) > ¢(uo)} C int A(O). Therefore, for each 0 € O, there
is ug > 0 such that p;(6) > pg for every t € T. This implies that for every f € Ty we

X (log #(6),log (%ww))) c X [log s, 0],

Pe@’ 0c@’

0@’

have

10
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This implies

P(t >1t)
U X ( logw(6),log (—ut(O))) c X [log g, 0].
(<Tey be@ ( Pr>t+1) feo
We showed that two different boxes inside the union have disjoint interiors. This im-
plies

[T 1055 = Vol X llog 0]

0c@’ 6o’
> te;@/ VOZ(9>€<®’ (logﬂt(f’)/log (%W(QO))

= Y (loglP(t > t) —logP(t > t +1))€'
t€T®/

|@'|/(n—1)
> ( Y (logP(t > t) —logIP(T >t + 1))”—1)

te%/

o 191/ (n=1)
(=)

where the second last equality follows from the fact that |©@’| < n — 1. We can simply

1)/]@'|
choose C=2" max ( H |10g]i9|> .
0c@’

7

which makes the above inequality false. Therefore, with the chosen C, a maximal belief

path must stay at ®* for every t > T, as desired. O

IL.3 Attention capture for S-shaped functions in general cases. We will first provide
results of attention capture for S-shaped functions that generalize Proposition 2 (ii) and

then prove Proposition 2 (ii). We first define conditional concavification.

Definition 18. (Conditional concavification) Suppose f is S-shaped. For every time
teT,ifs*(t):=min{s >t: f(s+1)— f(s) < fe)=f(8) ) } exists, define the conditional
concavification from ¢ of f, cconv;(f): {s € T :s 2 t} — R4 such that
s*(t)—s s—t * *
o—f(t) + S=—=f(s*(t)), fors <s*(t
comeu(F)(s) — { 0+ S () (t

)
)
f(s), otherwise.

We now state the following result of attention capture for S-shaped functions under

a general prior.

Proposition 4. If f is a S-shaped function, every optimal dynamic information structure
(d, u©) must be such that there exist t; < to < t3 € T such that

1 supp (d) ={1,..., 1} U{t, t3},

11



2. Obedience constraints bind for all t < t1,
3. t3 € [s*(t1 +1),s*(t1)] and either

e th=1t1+1,0r

® {3 — 1t < 1ands*(t1—|—1) < .

Before proving Proposition 4, we develop several lemmas establishing properties

of cconvi(h) and s*.

Lemma 22. Let T be the inflection point of f, meaning f(t) — f(t —1) < f(t+1) — f(¢) if
and only if t < T. Then, for every t € T,s*(t) > T, cconve(f) is concave, and cconv(f) > f

over the domain of cconv(f).

Proof of Lemma 22. We will show that cconv(f)(s) has decreasing differences. Within
this proof, we abuse notation s* () by s*. By the definition of s*, we must have f(s*) —
f(s*—1) > w > f(s*+1) — f(s*), which implies s* > T. This means f (s +
1) — f(s) < f(s) — f(s — 1) for every s > s*. Note also that cconv;(f) is linear over the
domain {t,...,s*}. Consider that

cconv(f)(s*) — cconvy(f)(s* — 1) = f(s*) = f(¥)

s* —t
> fls +1) — £(5")
= cconv;(f)(s* +1) — cconv;(f)(s*),

which implies the concavity of cconv;( f). To see that cconv,(f) > f over the domain of
cconvy( f), it suffices to consider the domain of {¢,...,s*}. We will show by induction
onA €{0,...,s* —t} thatcconv;(f)(s* — A) > f(s* — A). Itis clear that the inequality
is true when A = 0. Assume that the inequality is true for some A. By the definition of
s*, we must have f(s* —A) — f(s* —=A—1) > W, which implies

S =81 < (1o g 04 O

< (1 - S*_1T>cconvt(f)(s* —A) + ﬁceonvt(f)(t)
= cconv¢(f)(s* — A —1),

where the inequality follows the linearity of cconv;(f) over the domain {t,...,s*}, as
desired. o

Lemma 23 (Properties of s*). The following are properties of s*:

(i) Foreveryt < t' € T, we have s*(¥') — t' < s*(t) — t. This becomes a strict inequality
ift <T.

12



(ii) For every t,t1,tp € T such thatt < t; < tp < s*(t), we have f(t;) < tfz%ttlf(t) +
it ().

Proof of Lemma 23. (i) It is sufficient to show the statement in the case of t' = t + 1. If
s*(t) —t >1,thent < t+1 < s*(t). From (i), we have s*(t + 1) < s*(t), which implies
thats*(t+1) — (t+1) < s*(t) — t. On the other hand, if s*() —t = 1, then f(t +2) —
f(t+1) < f(t+1)— f(t), which means t > T. This implies that f(t +3) — f(t+2) <
f(t+2)— f(t+1),s0s"(t+1) =t +2. Therefore, s*(t +1) — (t+1) =1 =5s*(t) — ¢,
as desired. From the proof, we get the strict inequality when t < T.

(ii) Consider any t' € {t+1,...,s*(t)}. The definition of s*(-) implies that f (') —
f'—-1) > %, which implies the inequality in (iii) when t, —t; = 1. If
t' < s*(t),wealsohave (f —t)f(') = (Y —t—1)f(f +1) < f(t+1). Thus,

(=) f( =1)—( —t=2)f(t' +1) <2f(t+1),
which also implies the inequality in (ii) when ¢, — t; = 2. With a simple induction, we

obtain the inequality in (ii) for an arbitrary value of t; — t;. O
We are ready to prove Proposition 4.

Proof of Proposition 4. Suppose t, = max(supp TN [0, T]). We proceed with the follow-
ing steps.

Step 1: The DM must be indifferent at every time t < t,. Since t, € supp T, set
to =ty —1land t; = t, + 1. Consider that

Elf(t+1)—f(t)|te€to+1,H)]=f(to+2)— f(to+ 1)

= f(te+1) = f(t)

> f(t) = f(t = 1)
Pivot Lemma implies that the DM must be indifferent at time t, — 1. We can do this
(backward) inductively to show that the DM must be indifferent at every time t < t,.

Step 2: Show supp 7N (T, 00) # @. Suppose a contradiction that supp TN (T, 0) =

@. Thus, max(supp T) = t,, which is impossible because the DM is indifferent at
time t, — 1 but E[c(t — (t. — 1)) | T > tx — 1] = ¢ < ¢*. Therefore, we must have
supp TN (T,00) # Q.

Step 3: Aggregating concave part: |[supp 7N (T, )| < 2, and max supp T — min(supp 7N

(T,o0)) < 1. This is directly implied by Theorem 2 (i) on the domain (T, c0) and the
assumption that f is concave on the domain (T, c0).

Suppose supp TN (T, 00) = {tpter, tier }, Where tiey € {tp,,,, tpter + 1}.

Step 4: Show f,,; > s*(t« + 1). Suppose a contradiction that s* (t, + 1) > tpger + 1.

13



For small € > 0, we define a new stopping time 7’ and belief path (y}); as following

(P(r=1), ift <t
P(t=1t)+e, ift=t,+1
, . / ]/lt, ift < t* + 1
P(t'=t) = P(t=t) - (tpter — te)e, if t = tprer Pe = .
_ pe,, ift>t,+1.
0, otherwise,

Boundary constraints clearly hold at every time ¢t € 7. The obedience constraint holds
at t, + 1 because, since maxsupp (') = tprer + 1,

Ele(t = (s +1)) | T/ > te +1] < c(tprer — ) < Ele(t—t) | T > £] < p(pe,).
This also implies the obedience constraint holds at every time t > ¢, + 1. It suffices to
show that obedience constraints at time t < t, hold. This is clear because the difference
of the (unconditional) continuation utilities under 7 and 7’ at t < t* is

Elct-1{t > t}] = E[ct' - 1{t > t}] =0,
so obedience constraints still hold for t < t*. Thus, 7’ is feasible. However, the de-

signer’s utility under 7’ is more than that under T because

Elf(T)] ;]E[f(m = f(te+ 1) + (tpter — b = 1) f(tpter + 1) — (bpter — 1) f (Epter) > O,

where the inequality is implied by Lemma 23 (ii), and s* (t, + 1) > tpr + 1, whichis a

contradiction
Step 5: Show fy, < s*(t.). Suppose a contradiction that t¢, > s*(t.). For small

€ > 0, we define a new stopping time 7’ and belief path (y}); as following

(

P(t=1t), if t <t
P(T=1)—¢, if t =t,
P(T' =1t) = S P(T = t) + (brer — )€, if £ =t — 1
P(T=t) — (e — tx — 1), if t =ty
0, otherwise,
' Ht, if t < t,

Uy =
pue, + (L —p)ps,—1, ift >t +1,

where p € [0,1] will be specified later. We will choose p so that (7/, (i})¢) is feasi-
ble. Boundary constraints clearly hold at every time t € 7. With the same argu-
ment as before, the obedience constraints still hold for t < t* because the continua-
tion utility at t < t* does not change. Thus, it suffices to check the obedience con-
straint and the boundary constraint at time t.. Let g = P!(t > t.|t > t. — 1), so

g+e=P'(T >t >t —1). Wesetp = e 1_1U+;€) € (0,1). First, we show the
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boundary constraint at time ¢, under v/, which is

(pue.(0) + (1 —p)ut,-1(0)) (g +€) < pr,—1(0) VO € O.

The inequality is true if and only if

pla+e)p.(0) < (1= (1—p)(q+e))p.1(6).
The boundary constraint at time ¢, under I implies qu;, (0) < s, —1(0) for every 6 € ©.
Thus,

p(q+e)ut.(0) < pg(g+e)u,1(0) = (1= (1—p)(g+e))p,-1(0),

which implies the boundary constraint. Next, we show the obedience constraint at

time t, under T/, which is

¢(put, + (1 — ppe.—1) > Ele(?/ — ) | T/ > t*].
Since qup(0) < py,—1(0), Jensen’s inequality implies

P(pe.—1) > qp(pe,) + (1 — q)qb(%%_qu

By Jensen’s inequality, we have

o(pue, + (L= p)pe.—1) = pp(pe.) + (1 = p)p(pr,—1)

2 (p+ (1 —p)a)p(ps.)
__1
q—i_e()b(‘ut*)
The obedience constraint at ¢, under T implies
Ele(t —t)1{t > t.}] Ele(t — t.) {1t > t.}]
> — e = .
47(7/”*) = ]E[C(T t*) | T> t*] q]P(T >t — 1) q]P(T/ > t, — 1)

Thus,

) = ag(u.).

FAT P2 ) < gt + (1= Pl ),

which implies the obedience constraint at time ¢, under 7/. Thus, T’ is a feasible stop-

Elc(t' —t*) | T > t'] =

ping time. However, the designer’s utility under 7’ is more that that under 7 because

E[f(7)] —E[f(1)] = (tter — t:) f(trer — 1) — (F(te) + (tter — tx — 1) f(trer)) > 0,

€
where the inequality is implied by t;, > s*(t.) and cconvy, (f) is concave, which is a

contradiction.

Step 6: Show if the DM is not indifferent at ¢, then t;ey = tpter. Suppose a contradic-
tion that ¢y = trr — 1. We can use the same stopping time 7’ and a belief path (y;);
from Step 5 but € < 0 and p = 1 instead. The boundary constraint at time ¢, holds
because (q + €)ue, (0) < que, (0) < pr,—1(0). The obedience constraint at time f, holds
with € close to 0 because of the slackness of the obedience constraint at time ¢, under

7. Thus, 7’ is a feasible stopping time. However, the designer’s utility under 7’ is more
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that that under 7 because
E[f(t)] —E[f(T
[f( )] € [f( )] - (tter - t*)f(tter - 1) - (f(t*) + (tter - t* - 1)f(tter)) < O/
where the inequality is implied by f4,, < s*(f,) and Lemma 23 (ii). O

We now prove Proposition 2 (ii), which is a special case of Proposition 4.

Proof of Proposition 2 (ii). Define f = min{t € T : s*(t) —t < ¢*/c}. Choose a feasible
stopping time T that maximizes E[f(7)]. Using Theorem 2 (ii), we know from the
Proposition 4 that T must be generated by an increasing sequence 1, ..., t; with a pair
of terminal time (t;, t3), where t; < t; < t3.If t3 — t; = ¢* /¢, then the DM is indifferent
between continuing paying attention and stopping at time ¢, and t, = t; 4+ 1. Thus, an
increasing sequence 1, . .., t, with a pair of terminal times (3, f3) also generates 7. It is
sufficient to consider the case that t3 — t; < ¢*/c. We will show thatt, = t3 =t; +¢*/c

Suppose a contradiction that t, < t3. Define stopping times 71, 72 generated by
the same increasing sequence 1, . . ., t; but with different terminal stopping times (t —
1,t3) and (t, + 1,t3). the stopping time 77 is well-defined because t, —1 > t; and
t3y — (2 — 1) < ¢*/c. The stopping time 1, is also well-defined because t3 > t,. We
obtain the following equations:

t3 —¢p*/c—t fc+t —t
E[f(7) | 7> t] = 2= () + L2 (1)

tz —¢*/c—t e+t —tr+1
Elf(a) |7 > t] = 2 O/ S -y L= 2 g

tz —¢*/c—t e+t —tr—1
Elf(m) | & > ) = 2Ll 1)+ ELEAZ 2 gy,

Note that, if t, = t; + 1, the second equation still holds. To see this, we have ¢*/c +
ty > t3 > ¢*/c+t1,s0 t3 = ¢* /c + t1, which implies that the coefficient of f(t, — 1) is
equal to 0. Because 7, 71, and 1, are identical until time #;, the optimality of T implies
E[f(n) | 7> ] <E[f(1) | T>h] = (s —t2)f(t2 = 1) + f(t3) < (55 — 2+ 1) f(f2)
Elf(n) | t>tH] <B[f(1) | 1> h] = (5 —t2)f(t2+1) < (3 =2 = 1) f(t1) + f(£3)-
Because t3 — tp > 0, these two inequalities altogether imply f(t, +1) — f(f2) < f(t2) —
f(t2 — 1). By the definition of S-shaped, we obtain t* < t; < f3, so f is concave in the
interval [f,, t3]. Consider a stopping time 7’ generated by the same increasing sequence
1,...,t; but with a pair of terminal stopping times (t; + ¢*/c,t1 + ¢*/c). We obtain
E[f(7) | T/ > t1] = f(t1 + ¢*/c), which implies that

E[f(7) | 7' > t] =B[f(7) | T' > t] = f(L+¢"/c) = (Af(t) + (1= A)f(ts)) >0

t3—¢*/c—t
—h
7' are identical up until time t;, we have E[f(7)] > E[f(7)], which contradicts the

by the concavity of f in the interval [tp, 3], where A = . Because T and
optimality of 7. Therefore, we have t, = t3 which implies t, = t3 = t; + ¢*/c.
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We want f; such that t; + ¢*/c € [s*(t; +1),s"(¢1)]. This is equivalent to s* (1) —
tp > ¢*/cbuts*(fy+1) — (1 +1) < ¢*/c. From Lemma 23 (i), s*(¢) — ¢t is strictly
decreasing in t € [0,T] and s*(T) — T = 0. This means there exists a unique #; such
that ty + ¢*/c € [s*(t1 +1),s*(t1)], whichis ty = F :=max{t € T : s*(t) — t > ¢*/c}
(if the set is empty, set f = 0). O

I1.4 Proof of auxillary results used to show Theorem 3.

Proof of Lemma 11. Consider that P is both convex and compact. Moreover, the func-
fion P E s o eplh (1, 7)]

is linear and continuous. By Bauer’s maximum principle, there exists p* € Ext(P) such
that p* is a solution to the designer’s optimization problem. Suppose that an extremal
and deterministic information structure I* induces p*. It is without loss to assume that
p* has the support of a countable set because of countable linear constraints of p. We
will show that I* is regular. Assume a contradiction that I* does not have a terminal
time and 7T;n(I) is finite. Suppose that max T;n(I) = T*. Because I* does not have a
terminal time, there exist (1!, t1),..., ("2, t,12) € A(®) x T such that tq,...,t, 10 >
T* and p;i’ti > 0. We choose k, ..., k,4> satisfying the following conditions:

Zn+2 k. ‘ui =0

I kit (ul, £) =0,
and (ky,...,ky42) # (0,...,0). A non-zero solution exists because the system of lin-
ear equations has n + 2 variables but only n 4 1 equations. This implies Z”+2 ki
Z"“Lz Yocokit'(0) = 0. For any € € R, we define a probability distribution p€ as
pf,',u" = ptlm,- + kie and p§, = pf, for every (¢, u) # (t;, u'). We will show that p¢ € P
when |e| is small enough. It is clear that p§ > 0 when le| is small enough because

p; bl > 0. pi, also satisfies the martingale condition by Z”+2 kiu' = 0. It remains to

show pt,y satisfies the obedience constraints. Key observations are

1. The continuation beliefs yf are still the same for every t < T* and t > t,,45:
00 S
WE(p) = Zs t+12 Sen(® V PF s ZrtHZ Sen( )P‘ P; S5 _ ﬂtC(Pe)
Zs:H—l ZyseA HS,S Es t+12 Sen(O pl s
where the second equality follows from Zl'.’jlz k' = 0 and Zl'.’jlz k; = 0.

2. The continuation utility is still the same for every t<T*and t > t, o :

ZZPM %) ZZPyssu s)

s=t+1 uScA(O) s=t+1uSeA(O)
because Z?jlz ki (4, t;) = 0.
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Two key observations imply that the obedience constraint still holds for every ¢t <
T* and t > t,4p. We assumed in the beginning the DM is not indifferent between
stopping and continuing paying attention at every time t > T*. Thus, the obedience
constraints at time t € (T*, t,,1,] slack under p*. Thus, with sufficiently small |¢| > 0,
the obedience constraints at time t € (T*, t, 4] still hold under p¢. Therefore, p¢ € P
for sufficiently small || > 0. However, p* = % and p¢,p~€¢ € P. Thisis a

contradiction because p* is an extreme point of P, as desired. O

Proof of Lemma 12. Suppose I is IN at every non-stopping at time t + 1. Fix a history
H} € supp (I) such that the DM prefers to continue paying attention at H;. Define

supp Ir+1(-|Hf) =: {(ytﬂ(i)’mt“(i))}iew

which are the belief-message pairs at time ¢ + 1 which realize with positive probabil-
ity from history H; labelled with M*. For every i € M*, define V;11(i) as the DM’s
optimal expected utility conditional on paying attention until the time-t 4 1 history
(Hf, (441(i), me41(i))) under I. Define

s={m)i eRY ¥ pi=10( L pimsa@t) £ ¥ piVinai)}.
ieM* icM* ieM*
as the distributions over M* such that the DM’s incentive to stop under the time-t belief

is less than her expected continuation utility.

We first argue S is non-empty, convex, and closed. S is non-empty because we
can pick the original distribution p* under I where p} = P!(yys1 = ppr1(i), mp1 =
my41(i) | Hf) for all i € M*. Furthermore, since v} is convex and continuous, S is
convex and closed.

Another important observation is that |supp (p)| > 1 for every p € S. To see
this, since I is IN at every non-stopping at time t + 1, Vi11(i) = v*(us11(i), t +1) <
v*(ps41(7), t) because of the impatience assumption, which implies p with a singleton
support cannot be in S. We next argue that for any p := (p;); € Ext(S) C S,

( Y pipea (i ) Y. piVia(i) )

ie M* ie M*
i.e., the DM is indifferent. To see this, suppose, towards a contradiction, that the LHS

of the above equation is strictly less than the RHS in ({)). We showed earlier that
|supp p| > 1. Let iy, ip € M* be such that p;,, p;, > 0. We can perturb p fore > 0 to p™

and p~ as follows:

pi=vpit+e pl=pL—€ pl=pi

P, =Py —€ P, =Pi,tTE€ P =P
for every i # i1,ip. Because we assumed the LHS of (<) is strictly less than the RHS,
for sufficiently small €, we must have p™,p~ € S. But then p = E2F- +p which this
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contradicts the assumption that p is an extreme point of S, as desired.
Recall that we denoted the original distribution with p* and by construction p* € S.
Since S is convex and closed, there exists a finite set {p"},, C Ext(S) such that p* can

be written as a convex combination of (p")y:
p* = Z/\np” where Z/\n =1,A, €10,1].
n n

We now abuse notation slightly by associating histories with just their realized belief
paths (and omitting accompanying messages). Let Hf = (uf,..., ;). Forany s < t
and history H}, we denote H; C H; as the first s realized beliefs of H;.
We modify the information structure I to I* as follows:
1. I* and I are identical except for the information structure continuing from H;" ;.
2. Modify time-t beliefs and transition probabilities from ¢t — 1 to t:
For the unique history H/ | = (uj,...,u;_;) C H] define the new posterior
beliefs (u}), as follows: for each n,
ut = Y piua(i) with conditional probability APL(uf | H ).
ic M*
where recall p' € Ext(S) and ¥, A,p" = p*.
3. Modify transition probabilities from t to t 4 1:
At time f at history H}' := (p3,..., 4} 1, u), foreachi € M*,

P (i1 = pesa ()| HY) = p
4. Preserve structure after t 4 1: After history Hy 1 = (p3,. .., uj_1, 4, He41(i)) for

each i, I is identical to I.

Figure 15: Illustration of Steps 1-4

Step 2: modify Step 3: modify
transition transition
probabilities probabilities
fromt-1tot fromttot+1

Step 4:
Information
structure
identical

after histories
from H;

* *
H t=1 H t=1

information structure
identical apart from I|H}

This modification is depicted in Figure 15. Part 1 states that I* and I are identi-
cal except for the information structure continuing from history H;' ; onwards. Part 2
modifies the transition probabilities from H; ; to the new beliefs (u}'),. Part 3 mod-
ifies the transition probabilities from the new beliefs (u}'), to the original time-f + 1
histories (H;, (#+1(7), mi+1(7)))iem+. Part 4 states that after each time-t + 1 history the

continuation information structure under I* and I are identical.
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It remains to verify that this modification (i) is a valid information structure; (ii)
preserves the joint distribution; and (iii) replaces H; with non-stopping histories (H}'),,
which are IN. Note that the martingale condition at history H; ; still holds:

Z/\n ( Z P?P‘tﬂ(i)) =p; = Z pi g (7).

n i€Ms ie M*
The martingale condition at histories H' = (uj, ..., pu;_ 1, uf) also clearly hold, imply-
ing I’ is a valid information structure. Because p" € Ext(S), then either |supp p"| = 1
or (<) holds such that the DM is indifferent between continuing and stopping to act.
Therefore, I* is IN at history H; = (y3, ..., uj_4, u ) for every n. Finally, observe that by
construction, I and I* yield the same joint distribution over actions states and stopping
times as the DM’s beliefs at stopping histories are unchanged. We have performed the
modification for a given H;. Now successively perform this operation until all non-

stopping histories at time ¢ are modified to get I’ which implies the result. O

IL.5 Proof of auxillary results used to show Theorem 5.

Proof of Lemma 15 (switching lemma). Proof of (i): Write p’ := p&#0TLT1) Tt is straight-
forward to verify that obedience constraints are unchanged for times s < t and times
s > T;. Now consider any time s where s € [T, T1). The martingale condition implies
that u$(p) is a positive linear combination of u$ (p) and stopping beliefs between time
T and s which are at most i by the definition of Ty. Since u$(p) > I, u$ (p) must also
be strictly greater than fi. Similarly, for small enough € we also have u$(p) > ji. This
means action 1 is the optimal action at time s under both p and p’. This implies

P (0 (T > 5) - (uE(p') — 1S (p)) = —(1— pr)e
— STOP! — STOP! = —e(1 — ur)(u(1,1) — u(1,0))
which follows from equation C-Belief. Furthermore,
CONT! — CONT? = (u*(ur) — u(1,1))e

which then implies CON T! - STOPY / > CONT! — STOP?. Since p is feasible, the
obedient constraint at time s holds under p’ so it is feasible too. Part (ii) follows from a
symmetric argument.

Proof of (iii): Write p’ = p&r T Without loss of generality, assume that yr = 0.

With the same argument as before, it is sufficient to verify obedience constraints at time
€ [T, t). Observe

P 0)op(T > 8) - (45 (p') — s (p)) = —fie = STOP!" — STOP! < (u(0,0) — u(1,0))je.
and furthermore,

CONT! — CONT! = (1(0,0) — u*(f1))e.
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Putting these inequalities, together we then have CONTY - SToP! / > CONTY! —
STOP!. Since p is feasible, the obedient constraint at time s holds under p’ so it is
feasible too. O

Before proving Lemma 16, we start with the following lemma.

Lemma 24. Define Pj,, .= {p € P* : A terminal time T(p) exists and Pa,T(p) > 0}. Then
7j}kull U ,Pt*er 7£ %
Proof of Lemma 24. By Corollary 5 in Online Appendix I, the optimization problem
min Y 2 'pay
pepr t_zl Pa,
has a solution. Suppose that p* € P* solves such an optimization problem. We will
show that p* must satisfy either condition in Proposition 1. If p* ¢ P}kullf there exists
t € T such that ps; > 0.

Define T := min{t € T : pu: > 0} as the first time that under the information
structure p* the DM stops with belief fi, and T, := min{t > T : p,; > 0} for u €
{0,1} as the times after T; under which the information structure leaves the DM with
stopping belief either 0 or 1. Note that if the information structure does not end at time
Ty, this implies {t > T : p;; > 0} and {t > T : pg; > 0} are both non-empty. To
see this, observe that otherwise the DM takes the same action for every stopping time
t > Ty, which cannot incentivize her to pay attention at time Tj;. As such, it will suffice
to show that we cannot have Ty > T or T; > T. We proceed by considering cases.
Case 1: y;%* < fior (]/t? = i1 but CON Ti* > S TOP?) . Suppose towards a contradiction

that Ty > T. Define p’ = (p*)&(®T0T0), By Switching Lemma (Lemma 15) p’ is also a
feasible distribution.” Now observe p’ € P* because p and p’ induce the same marginal
distributions of times and actions and p € P*. However, Y2, 27 'p; , — Y21 27 'p , =
(27T —27T)e < 0, which contradicts the fact that p* solves the optimization problem
min,cp- ;?0:1 27 g

Case 2: yf. > fi. Suppose towards a contradiction that Ty > T. Define p’ = (p*)&# L),

We can apply the argument from Case 1 to show a contradiction.
Case 3: y? =jiand S TOP;Z* = CON TTp*. We modity the information structure as fol-
lows: let p’ be a distribution over A({0, 1,1} x 7) such that, with € in a small neigh-

borhood around 0,

P;:,t = P+ P forallpe{0,a,1},t>T,

*This is also true for the latter case with a small perturbation € because the obedience constraint at T
under p* slacks.
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and p),, = pj,; for every other pair of (y,t). Intuitively speaking, we decrease the
probability of stopping at belief ji at time T but increase the continuation probability
at time T instead. It is easy to see that p’ satisfies a martingale condition. Obedience
constraints also clearly hold because the information structure after time T has not
changed, and the continuation value has not changed: fort < T,
CONTf*—CONTf,:(Z Y. @ (w) —cs)pps— Y P (0 (1) — ))620,
s>T ue{0,a,1} WA >T
where the equality follows STOP;* = CON Tj’z*. Therefore, p’ is a feasible distribu-
tion. Note that E¥' [f(a, T)] — EF [f(ar, T)] is linear in e. Since p’ € P*, we have
E?'[f(ar, T)] = E¥" [f(ac, T)] for every € in a small neighborhood around 0. But taking
a small enough € > 0,
t:le_tP;z,t - t:ZlZ‘tp;%,t = m;T(Z_t - 2_T)P:7,t€ <0,

which contradicts the fact that p* € argminpep* Y27t Pat- O
We finally prove Lemma 16.

Proof of Lemma 16. 1f 73}‘ ;1 7 D, there is nothing to show. Next suppose that P}‘ull = Q.
per 7 ©. Pick p* € Py,

Since p* is a designer’s optimal information structure, it must solve the following

Lemma 24 implies P;, and let T be the terminal time of p*.

optimization problem:

max IEp[faT ZpOtht —|—Zp1tf1t putf(1,T)

(Po,trpl,t)tT:yP;A T

T
st Y pos+ Z pit+par =1 (Total probability)
t=1 t=1
T
Y piet fipae = po (Martingale)
t=1

“(po) < Z po,t(1(0,0) — ct) + Z p1t(u(1,1) —ct) 4+ pgr( — cT) (Obedience-0)

Obedience-(a,t) Va € {0,1} Vt e {1,..., T —1} (Obedience-(a, t))
pot > 0,p14 > 0,ppr > O0forallt € {1,..., T}, (Non-negativity)
where ii = %. Note that all constraints of this optimization problem are

linear, and the optimization problem is linear. Define R and R* as the polytope of
((pots p1,4){_1, ps,T) Which satisfies the above constraints and solves the above opti-
mization problem, respectively. By standard arguments, we have Ext R* C Ext R, and
Ext R* C P*. Pick p** € R* that solves the optimization problem min,cp+ Yl 271,

and p € Ext R*. This exists because extreme points attain the optimum. This implies
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p € Ext R* C Ext RN P*.
Step 1: po'r, P11 Pt > 0-

It is clear that p3" > 0 because 77}‘”” = @. If py’r = 0, then the DM takes the same
action 1 at time T, so there is no value of the information at time T which violates the
obedience constraint at time T — 1. Therefore, py" > 0. Similarly, p77 > 0.

Step 2: For each 1 < t < T, at most two of the following four constraints bind:
Obedience-(0, t), Obedience-(1,¢), py; > 0, pi; > 0

Suppose that both Obedience-(0, ) and Obedience-(1,t) bind. This means the util-
ities of taking action 0 and 1 at time ¢ are the same, which implies y; = fi, and the DM
must be indifferent between continuing and stopping at time £. If py; = 0, then the
DM'’s utility after time T is equivalent to that when she always takes action 1. Thus,
there is no value of information after time t, which contradicts the obedience constraint
at time £ — 1. Therefore, py; > 0, and, similarly, py”, > 0,. This means only two con-
straints bind, as desired. Suppose that both py; = p7; = 0. This means the designer
does not send any message at time . Then any obedience constraint at time ¢ cannot
bind; otherwise, the obedience constraint at time t — 1 would be violated, as desired.
Step 3: For each 1 < t < T Obedience-0 binds and exactly two of the following
four constraints bind: (i) Obedience-(0, ¢); (ii) Obedience-(1,t); (iii) pg; > 0; and (iv)
pit =0

Noting that the optimization problem had 2T + 1 variables, then since p** € Ext R,
2T + 1 constraints must bind (Simon, 2011, Proposition 15.2). From Step 1 we know
that none of the non-negativity constraints at time T bind. From Step 2, we know that
for each 1 < t < T at most two of the following four constraints: Obedience-(0,t),
Obedience-(1,t), pot > 0, p1+ > 0. If exactly two of them bind forall 1 < t < T, then
in addition to the Total probability, Martingale, and Obedience-0 constraints, we have
3+2(T —1) = 2T + 1 constraints as desired.

Step 4: p** satisfies (i) if p7; + py; > 0 then DM is indifferent at ; and (ii) if
KE(p™) # i, then pi; = 0.

(i) If t < T such that p7} + pg} > 0, then only one of two constraints p1; > 0 and
pot > 0bind. From Step 3, either Obedience-(0, t) or Obedience-(1, t) must bind,

which means the DM is indifferent at time .

(i) If + < T such that u&(p*™*) # i, then at most one of two constraints Obedience-
(0, t) or Obedience-(1, t) bind. From Step 3, one of p; ; and po; equals 0. Suppose
that p;; # 0. From the previous point, the DM must be indifferent at time t and
pot = 0. This together implies uf (p**) < fi. Let Ty = min{s > ¢ : pg% > 0}
and p' = (p**)&(L10T) By Switching Lemma (Lemma 15) p’ is also a feasible
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distribution and induces the same marginal distributions of actions and stopping

times, which implies p’ € P**. However,
T T
Y. 27— ) 2 pis = (27T —27)e <0,
s=1 s=1
which contradicts the fact that p** € arg min, . . Y 275,

Note that part (i) or Step 4 is exactly equal to condition (iii) of P, ; so it remains to
show that forall t < T, pi‘*t = 0 so that we have a pure bad news dynamic information
structure (condition (ii) of P, ,).

Step 5: truncate p**.

If p7} = 0 for every t < T, then p** € Py, as desired. Suppose that pxk; > 0
for some t < T. Define Ty := min{t < T : p;} > 0}. Step 4 implies uf (p**) = fi.
We modify the information structure as follows: p’ = p&(1T0#T), Switching lemma
(Lemma 15) implies that p’ is also a feasible distribution. Note that p’ € P* because
both p** and p’ yield the same joint distribution of actions and times (since we break
DM indifference in favour of action 1).

Now observe that under p**, when the DM is indifferent at time T with belief fi
(from Step 4), the designer provides more information until time T. On the other hand,
under p’, when the DM reaches the stopping belief fi at time Ty, the designer prefers to
stop providing further information. To see this, assume, towards a contradiction, that
this is not the case so that the designer strictly prefers to provide further information at
time Tp when the continuation belief is ji. We have shown that under p/, the designer
obtains the same utility and furthermore, p;z,TO > 0. But since the designer strictly
prefers to continue at time Ty, it cannot find it optimal to have the DM stop at time T

with belief i which contradicts the optimality of p’ and hence p**.

Truncate p** at time T by constructing p*** as follows:
(
p;;jt t < to
p**;k — p;;it t= to,m € {0,1}
mt )
Yis>ty om Pms  t = to,m = fi
\O t > to,

and by the previous argument, p*** and p** yield the same designer’s utility. Thus,
p*** € P*. From the definition of t, it is simple to show that p*** € P} ., as desired.
O

Proof of Lemma 17 (pasting lemma). Let p € A({0,fi,1} x T) be a feasible distribution
with prior . Define a probability distribution pT as follows:

PZ‘;,t = Put+ P1e PlT,t =0,
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for every t < T and every other probabilities are the same. Define

£ = sup{t T ’ IE(y,T)Npt [.”] = ﬁ}

We define a new probability distribution p’ with prior belief ji as follows:

Put = Pupr VAL, Vi

Pt = Prt+90

Pre=pie—9,
where > 0 is an appropriate constant such that [, -y, [#] = . p’ is still a valid
probability distribution by the definition of *. Clearly, p and p’ yield the same joint
distribution of action and stopping time. It is sufficient to show that p’ is a feasible
distribution.

An important observation is that u&(p) > u$(p’) for every t < t* because we in-
crease and decrease the stopping probability at the beliefs ji and 1 by the same amount
at every time. Moreover, u& (p') > fi for every t < t* since po > fi and stopping beliefs
attimein [0, t) under p’ are only 0 and ji. This means action 1 is optimal at continuation
beliefs u$ (p) and u$ (p') for every t < t*. For every t < t*, we obtain

STOP]" — STOP] =P ;1) (T > 1) (Eg_ i, 14(1,0) — By, 1(1,6)).
However,
CONT! — CONT! = A(u(1,1) — Egyu(1,6)),
where A is the change of the unconditional probability of stopping at belief 1 after time

t. The martingale constraint time ¢ implies

llj(y,r)Np(T > t)lutc(p,) = ]P(y,r)wp(T > t),‘l/lg:(p) —A-1+A-p.
By linearity of p — [Eg.,u(1,6), we obtain
STOP! — STOP! = CONT! — CONT! = CONT} — STOP!' = CONT! — STOP! > 0

which p’ is a feasible distribution and induces the same DM surplus. O
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ONLINE APPENDIX III: MORE GENERAL TIME PREFERENCES

In the main text we assumed the DM pays a constant cost per-unit time. Observe that
Theorems 1 and 3 required impatience and nothing else, so they continue to hold as
stated for more general time preferences. We now observe that results on designer-
optimal structures (e.g., Theorems 2 and 5) extend readily to nonlinear waiting costs
c(t) where ¢ : T — R is a strictly increasing function.” As in the main text, suppose
that the designer’s payoff is a strictly increasing function f. This model is isomorphic
(up to an integer constraint) to a model in which the DM pays a unit cost per-unit
time, and the designer’s value function if f o c~!. To see this, observe that f(7) =
f(c7(c(7))) hence we can perform a time change by defining units of time in terms of
c(7). Hence, if I is optimal for attention capture under f with cost c if and only if it is
also optimal for attention capture under value f o ¢~ ! with cost 1 per-unit time and the
time-change c.

This immediately implies that a model with nonlinear value of attention f and lin-
ear constant per-unit cost can be mapped to a model with nonlinear f : 7 — R and
c: T — R by considering f o ¢~ L. For instance,

(i) If f is linear and c is concave then f o ¢! is convex hence the designer-optimal
structure is the same form as when f is convex and c is linear as in Corollary 1 (i).
(ii) If f is linear and c is convex then f o ¢! is concave hence the designer-optimal

structure is the same form as when f is concave and c is linear as in Corollary 1

(i).

"Beyond additively separable time preferences, an earlier version of this paper developed some of
our results for exponential discounting
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