DIVISIVE BY DESIGN:

SUPPLEMENTARY APPENDIX

Anja Prummer* Francesco Nava/

May 12, 2026

Contents

S.A Applications

S.B  Designing Mechanisms with General Distributions
S.C Fixed Surplus Constraint: Additional Results

S.D Correlated Private Values

S.E  Cost of Value Designs

S.F Proofs: Corollaries and Appendix Results

*Freie Universitat Berlin and Berlin School of Economics, anja.prummer@fu-berlin.de.

TLondon School of Economics, f.nava@lse.ac.uk.

12

14

16



S.A. Applications

Consider a celebrity auction. In these auctions, celebrities offer fans the opportunity to
spend time with them for a specific activity.! The activity, which serves as a feature of
the good, can either increase, decrease, or have no effect on the value of certain agents.
To make this example more concrete, imagine a famous tennis player participating in such
an auction. The tennis player could offer a casual tennis match, an ambitious training
session, or, alternatively, a dinner with the auction winner. The type of good—whether
a celebrity plus casual tennis, a celebrity plus intense training session, or a celebrity plus
dinner—can significantly influence valuations and has the potential to help screen bidders’
preferences. Some bidders may prefer an intense training session, others may simply want
to meet their favorite tennis player and play a casual round, while some might favor the
dinner to have the opportunity for more personal interaction. Our results suggest hat
the activity chosen should be divisive — catering strongly to the preferences of specific
bidders, thereby increasing surplus and facilitating better screening.

Similarly, our model applies to the art market. An artist creating an object with the
goal of selling it should aim to incorporate features that increase surplus while minimizing
information rents. The artist can select the art form (e.g., sculpture or painting), the
materials used, and the size of the object. Each of these decisions has the potential to
influence bidders’ preferences and, in turn, their bids (Bocart, Gertsberg, and Pownall,
2022). For example, choosing the color blue in painting has been associated with higher
revenues (Ma, Noussair, and Renneboog, 2022). Similarly, larger paintings generate more
income, even after accounting for the increased material costs.? The artist’s goal is then
to create a piece that increases the value for buyers and, additionally, better screens their
valuations. This helps explain why art often polarizes, with some customers valuing it

substantially while others may feel alienated.

'For example, this can be booked through https://www.charitybuzz.com/.

2See, for instance, https://www.gallerytoday.com/blog/122_what-determines-the-price-of-a
-painting-does-size-matter.html, which argues that this is due to larger paintings being seen as
more prestigious.
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S.B. Designing Mechanisms with General Distributions

Our analysis in the main paper relies on optimal value designs that frequently feature
atomic distributions with mass points at specific values. In this section, we demonstrate
how to apply classical revenue equivalence insights when agents’ value distributions, F4
and Fpg, may contain atoms or singular continuous parts. A more general treatment of
similar topics appears in Monteiro and Svaiter (2010). In this section we focus on how to
derive the specific revenue expressions appearing in the proofs of Propositions 1, 2 and 4.

We use Riemann-Stieltjes integrals to keep the notation compact. This means that
the differential accounts for jumps at points of discontinuity of F' and continuity points
at which the density may not exist. To gain intuition, note that when the measure has no
singular continuous part, for a cumulative distribution F' with support V' and a function

u:V — R, we have
[ utwar) = [ w05 av e Y uwiF) - v

where D C V denotes the set of discontinuity points of F', S C V denotes the set of points
where [ is differentiable, and F'y(v) and F_(v) denote the right and left limits of F at
v, respectively.

To prove the desired result, it is convenient to proceed in the quantile space. For any
q € [0,1], let v;(q) = inf{v; € [v,7]|F;(v;) > q} denote the value associated to the g-th
quantile in agent ¢’s distribution. Observe that by construction v;(q) is left-continuous
since cumulative distributions are right-continuous.

Since the revelation principle holds irrespective of distributional assumptions, we begin
by considering in the quantile space a direct mechanism (y, p) : [0,1]> — A(A, B,0) x R2.
Define the interim allocation probability and the expected transfer of agent i reporting

quantile ¢ € [0, 1], when others are sincere, as follows

1
yi(q) = / vi(q, q-i) dq—,
0

pilq) = /0 pi(q, q—) dg_;.



With this notation, the expected payoff of type ¢; claiming to be ¢ is given by

vi(¢:)yi(q) — pi(q).

As usual, a mechanism (y,p) is (Bayesian) incentive compatible when truth-telling is

optimal for all agents ¢ all quantiles ¢;, meaning that

vi(¢i)yi(q:) — pilq:) = max [i(@)yi(q) — pi(q)] = wia).

Even when value distributions are not well-behaved, incentive compatibility can be re-
stated as requiring that the interim probability of winning the object increases in the

agent’s type, as the following lemma shows.

IC Lemma: A direct mechanism is incentive compatible for agent i if and only if y;(q)

is non-decreasing and for all ¢;, ¢, € [0, 1]

qi

wi(a) — uilq)) = / yi(a)dui(a)-

!

4q;

Proof (necessity): If incentive compatibility holds for agent 7, for any two values ¢;, ¢; €

[0, 1], we have that
wi(g;) = vilg)yi(a) — pilai) = wi(a) + (vi(g) — vilai))yi(gs)-
The same inequality holds when switching ¢; and ¢., so we obtain
(vi(q) = vil@i))yi(gr) = wilg) — wila) = (vilgi) — vi(a))wi(ai). (1)
Condition (1) implies that
(vi(g}) — via) (yi(@) — vi(ai)) = 0.

When v;(q}) > v;(g;) this implies y;(¢}) > vi(g:), so y; is non-decreasing on every interval
on which v; is strictly increasing. On any interval on which v; is flat, the Riemann-Stieltjes
integral [ y; dv; is unaffected by the values of y;, so without loss we may take y; to be

constant on each such interval, and thus y; is non-decreasing everywhere.



To establish the integral representation, fix any ¢; < ¢, and consider any interval
partition {(qx—1,qx)}3_, of the interval [g;, ¢}] satisfying ¢; = qo < ¢1 < -+ < ¢ = .

Summing (1) for consecutive pairs (qx_1, qx) yields

n

Zyi(Qk)(Ui(Qk> —0i(qr—1)) > wilq) — ui(q;) > Zyi(%—ﬂ(w(%) — Vi(qr-1))-

k=1

Since y; is non-decreasing and v; is non-decreasing, both sums are upper and lower
Riemann-Stieltjes sums for quf yi(q) dvi(q). As the mesh of the partition tends to zero,

both bounds converge to this integral, so

ui(q;) — ui(gq;) = /qi vi(q) dvi(q).

/

Proof (sufficiency): If y; is non-decreasing and w;(q.) — f i vi(q) dvi(q), then
for any ¢;, ¢; € [0,1]

wld) —wa) = [ @) dua) 2 (0(d) - vla) (e

where the inequality holds because y; is non-decreasing which amounts to incentive com-
patibility. Il
We can use this restatement of incentive compatibility to derive the classical revenue

equivalence result for this setting.

Revenue Equivalence Theorem: In any incentive compatible, direct mechanism (y, p),

the interim transfer of agent ¢ with quantile ¢; is given by:

pilas) = pi(0) — (0} (0) + vilas)yi(s) — / " i) duila).

Proof: Since u;(¢;) = vi(¢;)yi(¢;) — pi(q:) and u;(0) = v;(0)y;(0) — p;(0), incentive com-
patibility implies that

os(as)yi(ar) — pi(a:) = vs(0)yi(0) — pi(0) + /O " i) duilo).

Thus, interim transfers in any two incentive compatible mechanisms with the same allo-

cation rule must coincide up to a constant. l



Revenue equivalence implies that even when value distributions are discontinuous, the
designer’s problem coincides with the maximization of virtual surplus. To see this, recall

that a mechanism is individually rational if
u;(q;) >0 for all g;.
When incentive compatibility holds, individual rationality (IR) simplifies to
u;(0) >0 or p;(0) <wv;(0)y;(0).

By revenue equivalence, we also know that in an incentive-compatible and direct mecha-

nism, the expected payment of agent ¢ is given by

Elpi(a0)] = —us(0) + / 0s(gs)yi(as) dgs — / / " yu(q) dvilq) das. 2)

0

Exploiting Riemann-Stieltjes integrals, we can change the order of integration in the last
term. The outer integral of that term is a Lebesgue integral in dg; and the inner integral
is a Riemann-Stieltjes integral with respect to the measure induced by v;. By the Fubini-

Tonelli theorem for this product of measures,

/01/0% yi(q) dvi(q) dq@-:/o1 /q1 dq; yi(g;) dvi(q) :/01(1_%)%(%) dvs(q:).

By replacing this expression in condition (2) and collecting terms, we obtain that

Elpi(g:)] = —ui(0) + / yi(@) dl(q — V(g

With this notation, the principal’s revenue from (y,p) can as usual be written as
. 1
Ry plFa Fp) = 3 [—ui<o> = [ wta)dlta - e 3)
ieN 0

Next consider (¢;—1)v;(g;) and y;(¢;) as the two parts of the integral. Observe that the two
parts have bounded variation and no common jumps, since (g; — 1)v;(¢;) is left-continuous

by construction, while y;(g;) can be selected to be right-continuous without loss.® Thus,

3 Allocation probabilities on gaps are irrelevant for revenue as long as incentive compatibility holds.



even if F' has atoms or singular continuous parts, we can apply standard integration by

parts to obtain that

1
Ryala F) = 3 | ~u(0)+ w000+ [ a1 - a)in(an
i€{A,B} 0
As with non-atomic distributions, the optimal mechanism can be found by maximizing
this expression for revenue subject to incentive compatibility and individual rationality,
which require y;(¢;) to be non-decreasing and w;(0) > 0 for all agents i. Formally, a

feasible interim allocation rule is optimal for suitable transfers if and only if it solves

max R(y, p|Fa, Fip) subject to (vi(g)) — vi(q:))(4i(¢;) — vi(q:)) > 0 for all g/, ¢; € [0,1],
Yy

and u;(0) = 0 since individual rationality binds at the optimum.

Implication Proposition 4: To map back to the value space, define the corresponding
direct mechanism (z(v),t(v)) = (y(Fa(va), Fs(vg)),p(Fa(va), Fp(vg))). This is well-
defined because, by the normalization established in the IC Lemma, y; is constant on
every flat segment of v;. Since flat segments of v;(q) = F; '(q) correspond exactly to
atoms of Fj, for any atom vy, evaluating y; at the single quantile F;(vg) correctly identifies
the allocation rule for the entire interval (F; (vp), Fi(vo)], where F; (vy) = limypy, Fi(v)
denotes the left-hand limit of F; at vy. Observe that because F; is increasing and y; is
right-continuous, z; must be right-continuous. With this notation and requiring individual

rationality to bind at the lowest value u;(0) = 0, equation (3) can be rewritten in the

value space as

R tiFs Fo) = 3 unte) + [ o= B 0

i€{A,B}

This is the revenue expression found in expression (4) of the proof of Lemma 3.

Implication Proposition 1: When F; is a binary distribution with only values v and

h in the support and F;(v) = ¢, we can further simplify expression (3) since

/0 yi(as) dl( — Dila)] = / " oyi(as)das + / s ()das + 9i(0) (g — V(b — ).



When v = 0, this further reduces to

1 1
| wta dlta = V] = [ butada + o) a -
0 q
Define 1;(v;) = h1(v; = h). Because in any optimal mechanism yi(q) = 0 (the good is
never allocated when the value equals zero), the previous expression can be rewritten in

the value space as
/0 vi(q) dl(qi — Dvi(q:)] = /v bi(vi) @i (vi)dF(v;),

which amounts to expression (11) in the proof of Proposition 1. Here @/;z represents the

generalized virtual value of agent 1.

Implication Proposition 2: Since the good is only ever allocated to an agent with the
highest non-negative generalized virtual value (see Section 4.1 in Monteiro and Svaiter

(2010)), we further obtain expression (13) in the proof of Proposition 2, namely

RO ) = g | maoc{is(05). 045 05) + (1 = ) | masc{iy () m}aF(o).

S.C. Fixed Surplus Constraint: Additional Results

Binding Constraint We begin by showing that in any optimal design the surplus
constraint must bind for all non-excluded values. A value v € [v, 7] is non-excluded by

the optimal mechanism if z4(v|F*) + zg(v|F™*) > 0.

Proposition S.1. Value design (F%, F'}) is optimal among all designs satisfying (5) only

if F5(v)F5(v) = G(v) for all non-excluded values v € [v,7].

The result follows because if the constraint was slack at some non-excluded value v in the
support of a design F', one could construct a design F” that first-order stochastically dom-
inates F' while still satisfying the constraint. Revenue would increase strictly whenever

the constraint is slack for some non-excluded values, precluding the optimality of F'.

Binary and Ternary Distributions While we have demonstrated that asymmetric

designs when accompanied by an appropriately asymmetric mechanism can improve upon

8



symmetric designs, establishing optimality is challenging. The optimal design depends
on whether the minimal value v equals or exceeds zero as well as the specific surplus
distribution G. If the minimal value exceeds zero, the maximally divisive design, defined
as (Fi*(v), F;*(v)) = (G(v), 1) for all v € [0,7] and j # i, can be optimal. However, this is
not the case if the minimum value equals zero. The optimal design in this case depends on
the surplus distribution function, G. For ternary distributions, assigning mass to exactly
three values, with minimal value v = 0, w-threshold designs are always optimal. We

summarize these results in Proposition S.2. For convenience, let V; be the support of G.

Proposition S.2. The unique revenue maximizing design is:
e the mazimally divisive design F*, when v > 0 and Vg = {v,7};

e the w-threshold design F™!, when v =0 and Vg = {v,w,7}.

If v > 0 and the surplus distribution G equals a binary distribution with mass at v and
v, the maximally divisive design is optimal. The principal can extract the full surplus
by offering the good to the agent with distribution G at price v. If the agent does not
purchase the good, then the principal awards the good to the other agent at price v.
In contrast, any other design requires that both agents can have value v. But then full
surplus extraction is not possible, as the principal now faces agents with two different,
strictly positive values.? This contrasts sharply, with the sub-optimality of maximally
divisive design established in the main text for the case in which v = 0.

If v = 0 and the surplus distribution G is ternary, then threshold designs are optimal.
In this case, each agent has exactly one strictly positive valuation by setting FX”] (0) =p/q,
FIN(w) = 1, while FI(0) = FN(w) = ¢, F)(B) = 1. Given these distributions, the
principal first offers the good to agent B at price v. If B declines, the good is then offered
to agent A at price w. Consequently, the optimal mechanism allows the principal to fully

extract surplus.

Threshold Design Uniform Example To illustrate the profitability of threshold de-
signs, we work through a concrete example where values are uniformly distributed, so
G(v) = v. This setting offers clean analytical solutions while capturing the essential

economic forces at play.

4Either the principal has to provide information rents to at least one agent, or they can choose to not
allocate the good to agents with low value. Alternatively, they could pool them and set a price equal to
v. Regardless, they cannot extract the entire surplus.



Consider first the symmetric case where both agents have identical value distributions:

F; (v) = F5(v) = y/v. The virtual values in this design are:

Wi (v) =3v =2V,

These virtual values turn positive when v > 4/9, establishing the optimal reserve price.
Since virtual values are strictly increasing for v > 4/9 (with derivative 3 —1/y/v > 3/2 >
0), the optimal mechanism allocates the object to the highest-value bidder above this

threshold. This yields revenue of:

1
R(F7) = /4/9(31; — 2y/v) dv = 43/162 ~ 0.265.

At the other extreme, consider a maximally divisive design where only agent A values
the good: F}(v) = v and Fg(v) = 1. This reduces the problem to a simple monopoly
pricing problem with a single buyer. The optimal mechanism becomes a posted price of
1/2, generating revenue of exactly R(F*) =1/4 = 0.25.

Notably, maximal divisiveness performs worse than the symmetric design. This may
appear to be a striking reversal of the typical advantage of asymmetric designs we see in
other settings. But the optimal design is not a symmetric one; instead it is a threshold
design aimed at extracting surplus from types that would otherwise be excluded.

Now consider a w-threshold design for w € [0,1]. This design assigns to agent A
a uniform distribution on [0, w]: F/[‘w] (v) = min{v/w, 1}, and to agent B value 0 with
probability G(w) and uniform distribution on [w,1]: F ][3w] (v) = max{w,v}. This creates
a distinct segmentation: agent A is assigned to low values while agent B ends up with

the high values and an atom at 0. The virtual values become
PY(v) =2v—wforv <w and YZ(v)=2v—1 for v > w.

Since these are increasing, the optimal mechanism allocates to the agent with the highest

non-negative virtual value. This generates revenue:
w VA w 1 VA
R(F)) = w/ max{2vy —w,0} d— + / / max{2v4 —w,2vg — 1,0} dvg d—,
0 w 0 Juw w

where the two terms amount respectively to the case in which B has value 0 and the case

10



in which they value above w.
The analysis splits into two cases based on whether w exceeds 1/2, as depicted in

Figure S.1.

Case w > 1/2: In this scenario, there is never exclusion. After working through the

integration regions where different agents have higher virtual values, revenue becomes

un Wt (1= w)(25w? — 2w + 1)
R(FMy = =+ S .

Case w < 1/2: In this scenario, it is possible that the good is not allocated to either

agent. Revenue calculations are further complicated by exclusion, but yield

w2+6+3w—5w2
4 24 '

Figure S.2 shows that revenue peaks at w* ~ 0.648, achieving approximately 0.336—a

UB A UB A

2/3

1/2
1/3
1/6

Figure S.1: Integration regions for w-threshold designs when G(v) = v.
Panels (a)—(b) depict integration regions for different values of w: in green north-east lines, value profiles

for which A wins the good; in red north-west lines, value profiles for which B wins the good; and in gray

crosshatch, value profiles for which the good is not allocated.

substantial improvement over both benchmarks. Revenue in this w*-threshold design is
27% higher than in the symmetric design and 34% higher than in the maximally divisive
design.

The threshold design maintains competitive pressure between agents (unlike the posted
price solution) while creating specialized market segments that reduce information rents.
Agent A faces competition only from low-value realizations of agent B, while agent B

competes primarily in the high-value range where the surplus gains justify the information

11



rents.
This example demonstrates that when surplus is constrained, optimal designs remain

divisive but require nuanced market segmentation rather than extreme differentiation or

symmetry.
R(w) Optimal Revenue in w-Threshold Designs
033 w12
—w>1/2
—— Min Diff
0.31 | -o— Max Diff
0.29
0.27

01 02 03 04 05 06 07 08 09 1 w

Figure S.2: The plot depicts optimal revenue as a function of w, as well as optimal revenue
in both the maximally and minimally divisive designs.

S.D. Correlated Private Values

Maintaining the independence of value distributions across design problems is a natural
assumption if one believes that agents should not be able to infer anything about their
competitors’ realized values based on their own. This assumption is not only plausible but
also makes the problem more challenging, as it requires accounting for agents’ information
rents, rather than focusing solely on surplus design. However, many of our results extend
to settings where signals are not independent, and bidders have some information about
the realized values of their competitors.

Consider a correlated information setting, as discussed by Crémer and McLean (1985),
where revenue generically coincides with surplus, Elmax{v4, vg}]. To provide some insight
while staying close to the core of our analysis, we allow the principal to design marginal
value distributions for both bidders, but not the correlation structure between their values,
which is fixed. Additionally, we assume that bidders know their own value and have some

information about their competitors’ values. This approach mirrors our baseline analysis,

12



where the principal designs the marginal value distributions for both agents but cannot
influence the independence of their signals.

To fix the correlation structure, consider any copula W : [0,1]> — [0,1], where
W (Fa(va), Fg(vg)) = Pr(V4 < wva, Vg < vp) identifies the joint probability of an event
given the marginal distributions Fy and Fg. By Sklar’s Theorem, copulas can be used
to capture arbitrary correlation structures—such as independence, perfect positive cor-
relation (concordance), and perfect negative correlation (discordance). Assume that W
determines the underlying correlation of tastes across agents and cannot be influenced
by the principal, as was the case in the original setup where W (Fa(va), Fp(vg)) =
Fa(va)Fp(vg). Instead, let the principal design the two marginal value distributions,
Fy(va) and Fg(vg). This approach is suitable for settings in which the features of the
goods can be determined, but the correlation in tastes across agents must be taken as

given due to factors beyond the principal’s control.

No Spillovers When designing marginal distributions subject to the mean-bound con-
straint Eg, [v;] < k for all 4, extreme bimodal designs remain optimal. This follows from
the fact that variance increases the expected surplus, E[max{v4, vg}], due to the convexity
of the maximum operator. As an example, consider the case where values are discordant,
such that W (Fy, Fg) = min{Fy4, F} for any pair of probabilities (F4, Fg). Additionally,
assume v = 2 and k = 1. In this case, surplus, or equivalently revenue, is maximized by
a value design (F4, F) in which both agents value the good at v; = 2 or v; = 0 with
equal probability. This design corresponds to the maximally divisive design described in
Proposition 2. Under such a maximally spread two-atom distribution, surplus is exactly
equal to 2, since at least one agent must value the good at 2 due to the discordance. Thus,
revenue also equals 2, and the principal secures this surplus by awarding the good with
certainty to the agent with the realized value equal to 2. No other value design can lead
to higher surplus, as values never exceed 2. Therefore, designs in which both distributions
are maximally spread are optimal when values are negatively correlated.

With concordance W (Fy, Fg) = max{0, F4 + Fp — 1}, the design in which one agent
always values the good at the mean, k = 1, while the other agent’s value is maximally
spread, as described in Proposition 2, yields a surplus of 1.5. This exceeds the surplus
from the design where both agents are maximally spread, which results in a surplus of 1.

Similarly, if both agents have all mass at the mean, the surplus equals 1. Consequently,

13



with positively correlated values, the principal is better off when one agent has all mass
at the mean, while the other agent’s value is maximally spread, in line with our finding

when values are independent.

Spillovers When designing marginal distributions subject to the linear constraint, 4 +
Fp = H, maximally divisive designs remain optimal. This follows because such designs
increase surplus, E[max{va,vp}]|, by minimizing the chance of having two agents with
high values.

As an example, consider the concordant copula discussed above, and assume that
H(v) = v for all v € [0,2]. In this case, surplus in the maximally divisive design,
(Fa,Fp) = (H — 1, H), coincides with the expected value, Ey_;[v] = 1.5, of the high-
value agent A. Thus, revenue also amounts to 1.5. This revenue can be achieved by
never allocating the good to agent B, but always awarding it to agent A. To extract
full surplus, the transfer of the high-value agent A is set to the value associated with the
quantile reported by agent B, i.e., t4(v) = inf{v | H(v) — 1 > H(vg)}, while B never
pays anything. In such a setting, revenue under the minimally divisive design, where
both agents draw values from H/2, simply amounts to the expected value of one of the
two agents, Eg/o[v] = 1. This highlights that the optimality of maximally divisive value
designs, as discussed in Proposition 4, does not depend on the independence of value
distributions, but holds in more general settings. However, other designs may also be
optimal for specific correlation structures.

In the same example, when the copula is discordant, the minimally divisive design
yields the same surplus as the maximally divisive one. Further, discordance generally

increases surplus since differentiation in values increases gains from trade.

S.E. Cost of Value Designs

It is natural in many contexts to assume that attributes can be added for free, as it is far
from obvious whether and how much the addition of features costs. For completeness, we
explore how our results change if we allow for costs, with C'(F’) representing the cost of a
particular value design F'.

A natural starting point is to consider costs that increase with the “quality” of the

design, measured by first-order stochastic dominance. Under such cost structures, the

14



principal would first select a distribution according to costs, which subsequently serves as
the boundary distribution that cannot be exceeded. This transforms our constrained op-
timization problems into cost-benefit trade-offs, where the principal balances the revenue
gains from better designs against their implementation costs.

We characterize the types of cost functions that yield the same designs as those derived

for our various constraints, demonstrating the robustness of our main insights.

No Spillovers If an attribute affects each agent individually, but there are no spillovers,
then this corresponds to a setting with separable cost functions, i.e., C(F) = ¢(Fa) +
¢(Fp). Designs that are optimal for Eg,[v] < k would naturally arise if the separable
cost functions depend solely on the mean of the value distribution chosen for each agent.
Formally, this would be represented as C'(F') = c¢(Ep,[v]) + ¢(Ep,[v]) for some increasing
function ¢ : [v,7] — R;. In such environments, the designer would first select the mean
based on cost considerations, and then choose the shape of the optimal design by maxi-
mizing revenue subject to the constraint Ep [v] < k. Thus, even in costly design settings,

the principal would still choose features that result in bimodal value designs.

Spillovers With spillovers, a cost that depends on the sum of average values for the
good will still yield the result that it is optimal to assign all value to one agent, in the
manner described in Proposition 3.

For the additive constraint, H(v) = Fa(v)+ Fp(v), cost functions must satisfy a weak
linearity property to ensure the optimality of the maximal split distribution. This requires
that any two value designs with the same sum incur the same cost. Formally, this would
be represented as C(F) = C(F') if Fy + Fp = Iy + F;. This assumption is satisfied
by common design cost functions, such as entropy, and would hold for integrable cost

functions of the form:

/0 " ov) d[Fa(v) + Fa(v)]

for some function ¢ : [v,7] — R,.
Finally, designs that are optimal for the multiplicative constraint, G(v) = F4(v)Fp(v),
would also be optimal in costly design settings where design costs depend solely on the

distribution of surplus and increase according to first-order stochastic dominance.

15



S.F. Proofs: Corollaries and Appendix Results

Proof of Corollary 1: Asymmetric Mean Bound If agents faced different mean
bounds, k4 # kg, the logic of Proposition 2 continues to apply. To see this, suppose that
both agents possess the maximal spread binary distribution subject to their respective
mean constraint. With probability %, both agents would have the minimal

value, and with the remaining probability, at least one agent would have the maximal

value. Surplus would therefore amount to

(E=kO b)), (1 Gk b)) (= ha)e k)

@ —0)? w—0? )T m-v

Consider instead a scenario in which an agent ¢’s distribution was maximally spread, while
the other agent j had all the mass at the mean. If so, then agent ¢ would receive the good
if their valuation is maximal, and otherwise, agent j would obtain the good. This would

result in the same surplus as if both agents had the maximal spread,

()0 (- (22 -e- ot

Yet if v > 0, surplus cannot be fully extracted in the first scenario, since trading with

some agent at a price smaller or equal to v precludes full surplus extraction from the same

agent when their type is v.1

Proof of Corollary 2: Second-Order Stochastic Dominance We show that F* is
second-order stochastically dominated by G. The proof then follows because any distri-
bution that is second-order stochastically dominated by G must have a mean no higher
than k, and because F™* was optimal among all distributions with mean no higher than k.
If G = F*, then F* is second-order stochastically dominated by G trivially. So,
suppose that G # F*. If so, for some © < T in the support of G and all v € [0, 0),

A(v) = G(v) — F*(v) <0,

because F* maximizes the probability that the value is equal to 0 among all distributions
with mean equal to k. Moreover A(v) is non-decreasing for any v < v, because G is

non-decreasing and F™* is constant for v < v. Finally observe that at v, Riemann-Stieltjes
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integration by parts yields

/Ov A(s)ds = [s (G(s) — F*(s))]g — /v sd (G(s) — F*(s)) = Ep«[v] — Eg[v] = 0,

0

where the final equality holds because both distributions have mean k. But if so, F* is
second-order stochastically dominated by G, since [; A(s)ds = [ G(s) — F*(s)ds < 0

foralv<wv. N

Proof of Corollary 3: Profitable Surplus Reduction The observation follows di-
rectly from the proof of Proposition 1, but noting that equation (12) must now hold by

the assumptions invoked on F)4 and m.H

Proof of Lemma 3: Convex Supports We restrict attention to value designs F' in
which the designed distributions have supports Vi = [v, wy] U [wy, ws] and Vi C [wy, ws] U
(w3, 7], for v < w; < wy < w3 < T, and establish that neither yields higher revenue
than the maximally divisive design. Since further splitting of supports cannot improve
on designs already shown to be suboptimal, this establishes convexity. Note that by the
definition of the median value, w; < v™ < ws.

As shown in Section S.B of the Supplementary Appendix, optimal revenue can always be

written as

BE) = 3 [+ [ o - Boddn)] o
i€{A,B} Vi
As the supports of the two distributions are disjoint by the previous argument, we can

redefine variables so that

Fa(v),dza(v)) if v>0M andv eV,
Fp(v),dzp(v)) if v>ovM andveVp ,
0,0) it v<oM
Fa(v),dza(v)) if v<oMand v e Vy
Fp(v),drg(v)) if v<ovMandveVp .

0,0) if v>oM
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With this labeling, revenue can be rewritten as

M T

R(F) = vrp(w) + wizalwn) + / 01— Fa(0)dis() + / o(1 = Ea(v))di a(v).

M

For some non-negative number M, consider the alternative interim allocation rule

Tp(v) =zp(v) + /U dip(v) for v € [v,vM],

v

Ta(v) = M+/ dzA(v) for v € [v™ 7).
oM

This allocation rule is incentive compatible because all differentials are positive by in-
centive compatibility of the original allocation rule. Further it is interim feasible for the
maximally divisive design F* = (F';, F}5;) as we establish in a separate part of the proof
below. Thus to prove that the maximally divisive design raises more revenue than R(F'),

it suffices to show that

M

v v

v(1 = Fj(v))dig(v) +/ v(1 — Fj(v))dza(v)

oM

vip(v) +vMis (™) +/

v
M

(5)

v

> vxp(v) + wira(wy) + / v(1 — Fg(v))dig(v) +/ v(1 — Fu(v))di4(v).

M

Showing that (5) holds would establish the result by the usual logic because R(F™), the
revenue accruing to the principal when the design is F* and the optimal mechanism is
selected, must exceed the left-hand side of (5) which amounts to revenue under some other
incentive compatible mechanism.

We consider three distinct cases: (i) wy < oM, w; > v, wy < U; (i) wy > v, wy > v,
ws < T; (i) ws = .

Case (i): In this scenario, inequality (5) can be amended to

M

oMM + /U v(l = Fi(v))dig(v) + /Z:S v(1 — F3(v))dza(v)
S Y (6)
> wixa(wy) + / v(l — Fp(v))dig(v) + /M v(1 = Fa(v))dza(v).

This follows because the distributions are identical below w; and above ws and v™ € V.

Further, we have that F4(v) = Fg(v) = H(v) — H(ws) + H(w) and F%(v) = H(v) — 1
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for all v € [v™ w3, and thus

w3

/:3 v(1 = Fi(v)dia(v) — /:" v(1 — Fa(v))dia(v) = /M v(Fa(v) — Fi(v))daa(v)

:(1—H(w2)+H(w1))/ v A (v).

oM

We also have that Fg(v) = Fp(v) = H(v) — H(w,) + H(wy) for v € [wa,v™], Fp(v) =
Fa(v) = H(v) — H(w,;) for v € [wy,ws], while Fj(v) = H(v) for v € [wy,v™], and thus

/v v(l—Fg(U))diB(v)—/v 0(1—1?3(@))&3(@):/” o(Ep(v) — Fi(0))dis(v)

:/U U(FB(U)_H(U))d:z-B(v)Jr/ v(Fa(v) — H(v))dip(v)

w2 w1

M

v wa

vdzg(v) — H(wl)/ vdzg(v).

w1

= —(H(ws) — H(wl))/

w2

In light of the last two identities, condition (6) can be rewritten as

w3

VMM — wiza(wy) + (1 — H(ws) + H(w;)) /M vdZ 4(v)

(H(uwy) — H(wl))/v vdip(v) — H(wl)/wz vdip(v) > 0.

w2 w1

As H(wy), H(we) — H(w;) < 1, it suffices to show that

oM

oMM — wyx 4 (wy) —/ vdzg(v) > 0.

w1

Integrating by parts, this is equivalent to

M

VMM — wiza(w) + /v tp(v)dv > [iB(v)v]vM

w1

w (7)

= vM[zp(v™) — 2p(ws) + a(ws) — 24(w1) + z5(w))] — wiz(W)).

M
Further because allocation rules are increasing, we have that fqul ip(v)dv > (VM —

wy)xp(wy). Consequently equation (7) holds as long as

vM(M — zp(v™) — 25(wy) + za(ws)) + (VM — wi)a A (W) > 0,
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which holds for M = x5(v™) — x5(ws) + z.4(wy)—thus establishing the result.
Case (ii): As in case (i), we need to establish inequality (5). As in case (i), we can
establish that

w3

/wg o(1 = F(0))dia(v) — /w3 o(1 = Ba())dia(v) = (1 — H(wy) + H(wl))/ vdia(0),

w2 w2 w2

because F4(v) = F(v) = H(v) — H(ws) + H(w;) and F(v) = H(v) — 1 for v € [ws, ws).

Moreover, we have that

w2

/w2v(1 P () dia(v) — /w2v(1 — Fa(w))dia(v) = (1 — H<w1))/ vdi A (),

M oM oM

because F4(v) = Fu(v) = H(v) — H(w;) and F%(v) = H(v) — 1 for v € [v™, w,]. Finally,
we have that

M M wa

[ o= Ftondinte) = [ o0 = Fate)din() = ~H(wn) [ vdinto).

w1 w1 w1

because Fig(v) = Fu(v) = H(v) — H(w;) and Fj(v) = H(v) for v € [wy,v™]. In light of
the last identities, condition (5) can be rewritten as

w3

VMM — wyz s (wy) + (1 — H(wsy) + H(wl))/ vdZ 4 (v)

w2

oM

vdZ A(v) — H(wl)/ vdip(v) > 0.

w1

w2

1= Hw) [

oM

As H(wy), H(we) — H(wy) < 1, this again reduces to

oM

oMM — wiza(w:) —/ vdzg(v) > 0,

w1
which from integration by parts, again reduces to

oM

VMM — wyx 4 (w)) —i—/ ip(v)dv > vM(x4(vM) — za(wy)) + 25(w1)) — wizp(w). (8)

w1

Because f;jj{ ip(v)dv > (VM — wy)zp(w;), equation (8) holds as long as

vM(M — z4(0™M)) + (M — w2 s (wy) > 0,
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which holds for M = z4(v™)—thus establishing the result.

Case (iii): In this scenario, inequality (5) can be amended to

M

UMM+/U o(1 = F5(0))dip(0) +/:211(1 P (0))dia(0)
T S o
> wxa(wy) + / v(l — Fp(v))dig(v) + /M V(1 — Fa(v))dz 4(v).
As before, we have that
/w o(1 = F(0))dia(v) — /w o(1 = Ba())dia(v) = (1 — H(wy)) /: vdia (),

because Fu(v) = Fu(v) = H(v) — H(w;) and F%(v) = H(v) — 1 for v € [v™, w,)]. Finally,

we have that

w2

/U v(l — Fy(v))dig(v) — /U v(1 — Fp(v))dig(v) = —H(wl)/ vdzp(v),
because Fi(v) = Fa(v) = H(v) — H(w;) and Fj(v) = H(v) for v € [wy,v™]. But then,

condition (9) can be rewritten as

oM

vdZ 4 (v) — H(wl)/ vdzp(v) > 0. (10)

w1

w2

oMM — wizg(wy) + (1 — H(wl))/

oM

which can be shown to hold following the same steps as in case (ii).

Interim Feasibility: To conclude, we establish that the proposed allocations are interim
feasible. Define V;* as the support of distribution F;*. Theorem 1 in Border (1991) implies
that our earlier interim allocation rules (Z4,Zp) are feasible for the maximally divisive

design F™* if and only if for any (v4,vg) € Vi x V3

/UB Tp(v)dH (v) + /UA Ta(v)dH(v) <1—(1—=Fj(vg))(1 — Fj(va))
v oM (11)

=1—(1-H(vp))(2— H(va)).

To show that this condition holds, denote the difference between the left- and right-hand
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sides of (11) by

VA

[(va,vp) = /UB Tp(v)dH (v) +/ Ta(v)dH(v) — 14+ (1 — H(vp))(2 — H(va)).

M

We want to show that T'(va,vp) < 0 for all (v4,vg) € Vi x V4. Observe that I'(v,v™) <0

must hold, since

M o a7

I'(@,vM) = /v tp(v)dH (v) + /:; Ta(v)dH(v) —1= /v za(v) +zg(v)dH(v) —1 <0,

where the second equality holds by definition of the new allocation rule and the disjoint
support assumption, and where the inequality holds because the aggregate probability of
trade in the original mechanism had to be smaller than 1. Because I'(v,v™) < 0, we also
have that I'(v,vg) < I'(7,vM) < 0 for all vp < vM. Further, we have that for vy = v

and all vg < o™,

P, ) = / Y () dH() — H(vg) <0,

where the inequality holds as B can receive the good with probability no higher than 1.

To conclude, observe that I' is single-dip in v4. To see this, note that

dl'(va, vp)

: =dH(va)(Za(va) — 1+ H(vp)).
VA

But dI'(va,vg)/dva can be negative only when Z4(v4) < 1— H(vp) and must remain pos-
itive once it becomes larger than 0, given that z 4 is increasing by incentive compatibility.

Because of this, (11) must hold, since for all (va,vp) € Vi x Vj,
[(va,vg) < max{T'(v™ vg),['(T,v)} <0,

where the first inequality holds since I'(vy4, vg) is single-dip in v4 by the previous argu-

ment, and the second one holds since T'(v™,vg) < 0 and I'(v,v) < 0.1

Proof of Proposition S.1: No Value Destruction with Surplus Bound We es-
tablish the result by contradiction. Suppose by contradiction that there exists an optimal

design (F%, F}), in which Fi(w)Fj(w) > G(w) for some non-excluded value w. If so,
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an alternative value design (F", Fl) exists that first-order stochastically dominates the

original design, F” 771 F™*, and that still satisfies the constraint
Fi(w)Fp(w) > Fiy(w) Fp(w) = G(w).

Because revenue is increasing in first-order stochastic dominance, the optimal revenue
under design F™* is no larger than the optimal revenue under design F’. Further, rev-
enue strictly increases when value w is not excluded and the mechanism is fixed to

(x(F*),t(F*)), because higher transfers will be paid more often in the F’ design.l

Proof of Proposition S.2: Surplus Bounds and Optimality When the surplus
distribution is binary (G(v) = p for v € [v,7) and G(v) = 1), the allocation rule and
the transfers in the optimal mechanism for the maximally divisive, (F;*, F;") = (G, 1),

amount to

zi(vi, v;|FT) = 1(v; = 0) and z;(vj, v FT) = 1(v; = v),

ti(vi, ;| FY) = 2i(vi, v | F)0 and (v, v;|FT) = x;(vj, vi| F ).

These rules award the good to 7 in case of high-value at price v, and sell the good to j at
price v otherwise. This mechanism is incentive compatible since interim allocation rules
are increasing. It is individually rational, as ex-post payoffs are non-negative. Further,
it is optimal because revenue coincides with surplus R(F*) = S(F*). When v > 0,
this design is uniquely optimal. To see this, consider any other value design F' in which
FuFp=G. If S0, Vi = V} = {v,v}. By construction, the designs F and F*t generate the
same surplus, S(F) = S(F*). To show that R(F) < R(F*), we argue that some agents
must obtain a positive information rent in the optimal mechanism associated with value
design F. By incentive compatibility, if an agent reports the high value truthfully, it must
be that

If z4(v) = xp(v) = 0, the result follows because the mechanism does not generate full

surplus, and thus R(F) < S(F). If instead z;(v) > 0 for at least some player i, by
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individual rationality, we further have that

Ui(0]F) > 2;(0)0 — t;(v) > zi(v)v — ti(v) = U (v|F) > 0.

A A A

If so, agent i’s ex-ante utility is strictly positive, U(F) = E;(0)U; (0] F)+F;(v)U;(v|F) > 0.

Thus, we have that
R(EF) < S(F) = Ua(F) — Ug(F) < S(F*) = R(F™).

This establishes that divisive designs maximize revenue.

To prove the second part of the result, consider any ternary distribution, G(v) = p for
v € [0,w), G(v) = q¢ > p for v € [w,D), and G(v) = 1, and value design FI*/. In such
a value design, FI"/(0) = F")(w) = ¢, while Fj[w}(O) = p/q, F][w](w) = 1. The optimal

mechanism associated with this design amounts to

i (v;, v;| F™)) = 1(v; = 7) and x;(v;, v;| F™) = 1(v; = w and v; = 0),

ti(Ui, ’l}j|F[w]) = ZEZ‘(U“UHF[UJ])ﬂ and tj<’Uj,’Ui|F[w]) = xj(vj,vi|F[w])w.

These rules award the good to ¢ in case of high-value at price v, and otherwise offer
to sell the good to j at price w. This mechanism is incentive compatible since interim
allocation rules are increasing. It is individually rational, as ex-post payoffs are non-
negative. Further, it is optimal because revenue coincides with surplus R(FI*) = S(F).
It is uniquely optimal because any other design for which the constraint binds would lead

to an agent having two positive values and accruing some information rent.ll
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