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For completeness, this Appendix includes the omitted derivations and proofs from the text. Belief evo-

lutions are standard, and the details are provided next.

Proof of the belief evolution in (2) and the belief trajectory

Before deriving belief evolution, we highlight that throughout, we follow the standard practice of drop-
ping terms of order o(dt). If x;:b;; = 0, the user belief about ¢; does not change. Next, we consider
x;tbi ¢ = 1 and, for notational convenience, let us suppress subscript i. Then, by using Bayes’ rule, the

probability of §; = 1is

P[NBNyyq | 0 = 1P = 1]
Hit+dt =
P[NBN;t.q]

B PINBN,_4 | NBNy, 0 = 1]

N MtP[NBNt+dt | 0 = 1,NBN|P[0 = 1 | NBN;] + P[NBN;, 4 | # = 0,NBN;]P[ = 0 | NBN,]
(a) it

g+ (1 — p)P[NBNgy g | 0 = 0,NBNy]

BRI = g (1 (1= ) (1= D) (A1)

where (a) follows from

PNBN; g | 6 = 0,NBN;] =P[NBNy,g; | § = 0,NBN, oy = 1]P[oy = 1 | § = 0, NBN]
+ PINBN; g | 0 = 0,NBNy, oy = 0]P[ovy = 0| 0 = 0, NBN]

and (b) follows by using Taylor expansion of 1/(1 — z) around 0 and dropping the terms of the order
(dt)?. From (A1), we then have

dpr = prar — pie = p(1 — pe) (1 — Ag)vd.
Again, by using Bayes’ rule,

Aitdt = Plograe = 1| 0 = 0,NBNy 44
_ MPlogyar =1 [ oy = 1,0 = 0]P[INBNy 14 | 0 = 0, NBNy, .40 = 1]
P[NBNtq; | 6 = 0,NBNy]

() At(1 — pdt) (b)
= = A — Mepdt + M (1 — M\p)vdet A2
)\t n (1 _ )\t)(]- _ ’}/dt) t tpP + t( t)7 ( )

where (a) follows from

P[NBNys g | 6 = 0,NBN;] =P[NBNy4gs | o = 1,0 = 0, NBNJP[a, = 1 | § = 0, NBN,]
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+ PINBNyt gt | o = 0,0 = 0,NBNyJPlay =0 | 6 =, NBN]
and (b) follows by dropping the terms of the order (dt)?. From (A2), we now have
e = (1= M)y — p)dt.
Finally, given z; ;:b;; = 1, we have
PlLitrar =0 Lip = 1] = (1 — pie) (1 — Aig) vdt.

This completes the proof of the evolution.
We next state the belief trajectory and some monotonicity properties in the pre-Al environment.
For any product i € A that has been offered for [0, ¢) with NBN; ; (no bad news), we have

N o (v —p)A
YNy 4 (1 = M)y — p))

and
pio(y — p)

" pio(y = p) + (1= o) (P Ay + e (1= Ny — p)’

Moreover, 1; ¢ is increasing in j1; 0 and ¢t and converges to 1 as t — oco.

Hit

The above trajectories directly follow from solving the differential equations and evaluating its first-
order derivative. ll

Proof of the belief evolution in (3) and the belief trajectory

Similar to the proof of belief evolution in (2), if z; ;b; ; = 0, the user belief about 6; does not change, and
when z; :b; s = 1, we let
W) =P[g=1]a;0=0,NBN

be the probability of a product being high quality if the initial glossiness state is zero, and no bad news
has arrived by time ¢, and

P
AP =Plaie =1 aio = 1,NBNy]
be the probability of the glossiness state being 1 if the initial glossiness state is 1, and no bad news has
arrived by time ¢. Again, to make the notation easier, in this proof, we drop the subscript i. Notice that
conditioning on ag = 1, the platform knows the product is of low quality and therefore ugp) = 0 for all
t. Also, conditioning on oy = 0, the glossiness state remains at zero, and therefore )\EP) = 0. We next

(P) )

evaluate 1, * conditioning on oy = 0 and )\IEP conditioning on ap = 1.

By using Bayes’ rule, for the probability of §; = 1 when o = 0 we have

(P) _ PINBNpyg [0 =1,0a0 =O0JP[f = 1| ag = 0]
Hevar PINBNyy g | ap = 0]
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(P)
(a) Hy (b (P (P)
= = My 14+ (1 —py 7)vydt (A3)
P (1= ) (1 = qar) ( )

where (a) follows from
P[NBN¢ 4 | NBNy, ap = 0] =P[NBNyy g | 6 = 1, NBNy, a9 = 0]P[# = 1 | NBNy, g = 0]
+ ]P)[NBNtert ‘ 0= O,NBNt, oy = O]P[Q =0 | NBNt, ap = O]

=" + (1 - uip)) (1 —~dt)
and (b) follows by dropping the terms of the order (dt)?. By using (A3),

du” =y — " = 7 (1 = "t

By using Bayes’ rule, when oy = 1 we obtain

M) = Plagpar = 1] 0 = 0, NBN;jar, a0 = 1]
(a) P[Oét =1 | 0 = O,Q() = 1]P[at+dt =1 ‘ Qp = 1,9 = 0,0[0 = ”P[NBNt ‘ 0= 0,0ét+dt = ].,O[[) = 1]

- PINBN; | 0 = 0,0 = 1JP[NBNy;q; | NBNy, 0 = 0,009 = 1]

@) M (1~ pdt)
A+ (1= AP (1 - )
AP AP g+ AP (1 = Ayt (A4)

where (a) follows from P[NBNy, 4 | € = 0, NBNy, ayrqt = 1,0 = 1] = 1, (b) follows from

P[NBN¢4q4¢ | 6 = 0,NBN, g = 1]
= P[NBNy44 | 0 = 0,NBN;, g = 1,0y = 1]P[a; = 1 | 6 = 0, NBNy, o = 1]
+ P[NBNt+dt | 0= O,NBNt, ap = 1,0ét = O]P[Oét =0 | 0= O,NBNt, ap = 1],

and (c) follows by dropping the terms of the order (dt)?. By using (A4), we obtain
A\ = 2D = M)y - p)at.
Finally, we have

P[bad news at ¢ | ap = 0, NBN;| =P[bad news att | agp = 0,0 = 0, NBN;|P[0 = 0 | ap = 0, NBNy]
+P[badnews att | ap = 0,0 = 1, NBN,JP[# = 1 | ap = 0, NBNy]

=yt (1- ")
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and

P[bad news att | ap = 1, NBN;| = P[bad news att | ag = 1,NBN,, 0 = 0] = ~dt (1 - )\EP)) .
The initializations follow by using Bayes’ rule, completing the proof of the belief evolution.
We next state the belief trajectory and some monotonicity properties in the post-Al environment.
For any product i € N that has been offered for [0,¢) with NBN;; (no bad news), the dynamics of
wit and A; ; are the same as the pre-Al environment, and additionally:

o If a;0 =0, then

—~t
(P) _ Hi0 AP _ 0. PINBN,, | as o — 0 = M0 +e (1= A)(1 — pipo)
Pt = o+ e ML= N — o) ¥  FINBNi [ oo =0) 1= A1 = pip) ’

and
e (1 =) — pip)
P|1; =0,1;;=1 0=0| = : dt.
[ i,t+dt s dit | ;.0 ] 1_ )\(1 — ,ui,o) Y
o If Qo= 1, then
_ efpt _ ef'yt
Mz(-,? =0, )‘E,th) =P PNBNi|ag=1="—""F

v —elr=tp’ v =p
and

e Pt — e_Wt) 0

Plliprar =0, Lip = 1] cip =1] = ( TP

vdt.

The above statements directly follow from solving the differential equations and evaluating its first-
order derivative. Bl
An additional lemma
We next state and prove a lemma we used in the proof of Theorem 4.
Lemma A1. The expected user utility increases for large enough p after performing a helpful swap.

Proof: It suffices to prove that in the limit of p — oo, the expected user utility after performing a
helpful swap increases by some quantity which is strictly positive (and does not depend on p). This
establishes the existence of large enough p for which the statement holds. For any j € N, we let 7; be the
stochastic time at which bad news occurs for product j given 6; = 0. Notice that in the limit of p — oo,
for both a product with oo = 1 and a low-quality product with ;o = 0, the platform knows that bad

A £E {—/ ’ re_”uﬁdt}
0

A4

news arrive with rate v. We let



for j = n,n — 1,i. Using this notation, and that for j = n,n — 1,...,i + 1, £ E¢nr,[e
expected utility before the swap is

i+1 00
Uy éZAj(gn*j 4 i (Mgf))/ Teirt(l _ ,ui,t)dt + (1 _ ME,];))AZ)
; 0
j=n
6" — ugfg)) (Expected utility from productsi —1,...,0),

(P) _ Hi0
where Pio” = o rd—2) =m0

y when a; o = 0. The expected utility after the swap is

0 i+1
Uy 242 /0 re (1= pig)dt + (1= pio ) Ai +6(1 — i) Y 46"~
j=n
6" (1 - u%)) (Expected utility from products i — 1,...,0)

@ . S 1 .
25l [ e e+ (- )4+ 80— ) Y 4,67
0 ;
j=n
o (1 — u%)) (Expected utility from products i —1,...,0)

=U+ A; (1= ) = 071 — ) )+§A (0= i) - )

Sy + 4 (0 (1= w0 = 6" = ) )+ZA (6177 (1 = uf)) = 8779

j=n
n—i+1
—U, — iuzO Z & >U1

M < 1, the

(A5)

(A6)

where (a) follow from ,ug;) JoSre " (1—pig)dt > 0and 1 > 6", (b) follows from A; < A; and 6"177(1—

P
Mg,o))
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— 6" < 0forj=n,n—1,i+1,and (c) follows from A; < 0, completing the proof of lemma. B



