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A Additional Applications

We apply Theorem 1 to twelve additional applications in the fields of spatial networks, production
networks, social networks, and demand estimation.

A.1 An urban model with spatial spillovers

Here we consider another variant of the urban spatial model based on the seminal work of Ahlfeldt,
Redding, Sturm, and Wolf (2015) presented in Section 3, where we include productivity and amenity
spillovers that depend flexibly on the distribution of workers and residents, respectively, across the
entire city.

A.1.1 The Model

We first describe the model and derive its equilibrium conditions.

Setup Consider a city comprised of i € {1,..., N} = N blocks inhabited by agents with measure
L. Each agent v chooses where to live i € ' and where to work j € A in order to maximize her
utility:

uw;

Uij (V) = Elj (V) y (16)

i

where u; and w; are the value of living at block ¢ and working at block j, respectively, common
to all agents, y;; > 1 is the commuting cost, and €;; (v) is the idiosyncratic preference of agent v
over location pairs, which we assume is extreme value (Frechet) distributed with shape parameter
0> 0.

Commuting flows The number of agents who choose to live in location i and work in location j
can be written as:
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where A\ = LW =% and W = (Z(z‘,j)ex\ﬂ (u;ij]> > = E (max(; jyen2 Uy (v)) is the expected

welfare of agents.

Spatial Spillovers Suppose that an agent working in block j produces a costlessly traded nu-
meraire good, for which they are paid their marginal product A;, which is the only value they
derive from their work, i.e. w; = A;. Suppose that their productivity depends both on the innate

productivity of block j, A;, and the entire distribution of populations of workers throughout the

city as follows:
(0%
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A=A | Y FILY (18)
JEN
where FZ? > 0 governs the effect of the number of workers in j € N on the productivity of a worker
in 2 € A and « governs the overall strength of the productivity spillover.



Similarly, suppose that an agent residing in block ¢ receives a value of living there that depends
both on the innate amenity of block i, u;, and the entire distribution of populations of residents

throughout the city as follows:
B

JEN
where F}j; > 0 governs the effect of the number of residents in j € N on the amenity of a worker in
i € N and 8 governs the overall strength of the amenity spillover.®

Equilibrium For any geography {{Mz‘j, FA Fu {/L-,az-}ie /\/}’ measure of agents L,

RN }(z‘,j)eNZ’
and model elasticities {0, «, 5}, equilibrium is a set of workplace and residential populations
{LYV, LlR}ie/v’ such that:

1. The measure of workers employed in block i € A is equal to the total number of agents
commuting to that location:
LYV = Z Lj; (20)

JEN

2. The measure of residents residing in block i € N is equal to the total number of agents
commuting from that location:
L= "Ly (21)

JEN

As in Section 3 (and unlike Ahlfeldt, Redding, Sturm, and Wolf (2015)) we do not impose that
rental rates of residential and commercial floor spaces are equalized.

A.1.2 Applying Theorem 1

Substituting the commuting equation (17) into the equilibrium conditions (20) and (21) and re-
arranging equations (18) and (19) yields:

—0 —0
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which together comprise our equilibrium system. It is immediately evident that this system of
4N equations in 4N unknowns takes the form of equation (8), which is a special case of equation

8 Assuming alternative spillover functions 4; = A; > JeN F{? (L}’V)a and u; = @; », JeN F;j (Lf)ﬁ result
in an elasticity matrix with the same spectral radius as the one below, i.e. the conclusions of Theorem 1
below are unchanged.



(1), so by applying Remarks 4 and 5, it is sufficient to characterize the spectral radius of matrix
A= ‘BI‘_1| ,Where:
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From the Collatz-Wielandt Formula, a sufficient condition for uniqueness is hence |6 < 3 and
1816 < %, i.e. both the productivity and amenity agglomeration forces must be no stronger than
the dispersion forces arising from the heterogeneity in agent preferences governed by 6. Note these
conditions are identical to the H = 1 case of the example presented in Section 3, i.e. the presence
of spatial spillovers does not affect the uniqueness condition.

We remark that while the full model presented in Ahlfeldt, Redding, Sturm, and Wolf (2015)
included spatial spillovers, that paper only offered conditions for uniqueness in the absence of such
spillovers; as a result, to our knowledge this is the first proof of uniqueness of an urban model
in the presence of spatial spillovers. A similar methodology can be applied to incorporate spatial
spillovers in other spatial settings—but with very different implications for the properties of the
model—as we illustrate in the following economic geography example.

A.2 An economic geography model with spatial spillovers

We now extend the economic geography framework of Allen and Arkolakis (2014) to incorpo-
rate spatial productivity and amenity spillovers. It turns out that any spatial productivity or
amenity spillovers can result in multiple equilibria—a very different conclusion from the urban
model—highlighting the importance of Theorem 1 part (iii).

A.2.1 The model

Setup There are N locations, each of which produces a differentiated variety of a good. Agents
in location i € {1,..., N} = N have constant elasticity of substitution preferences over the differen-
tiated varieties so that their welfare W; is:

o—1

o—1
Wi = Z q]'ig Uy,
JEN

where ¢j; is the quantity of goods produced in j € A and consumed in i, ¢ > 1 is the elasticity of
substitution, and u; is the local amenity. Agents are perfectly mobile and earn wage w; by supplying
their unit labor inelastically. Labor is the only factor of production; let A; be the productivity of an
agent in location i € . Finally, the transportation of goods are subject to iceberg transportation
costs, where Tj; > 1 indicates the number of goods needed to be sent from i € A in order for one
unit to arrive in j € N.



Spatial spillovers We suppose that productivities and amenities depend on the distribution of
labor across all locations through spatial spillovers as follows:

(0%
A=A | Y FL (22)
JEN
8
wi=1; |y FAL; (23)
JEN

where A; and u; are the exogenous productivity and amenity, respectively, of location i € N
Fi’;-‘ > 0 and F}; > 0 capture how the population in location j € N affects the productivity and
amenity, respectively in location ¢ € A/, and « and 3 are the productivity and amenity spillover
elasticities, respectively common to all locations.’

Equilibrium For any geography {{Tij}(i’j)eNQ A, ai}ie/\/’ {Fi?}(ij)eNQ

of populations, wages, productivities, and amenities {L;, w;, A;, u;},c such that:

} equilibrium is a set

1. Markets clear, i.e. income in a location i € N is equal to the value of all goods sold in all

other locations:
wiL; = Z Xij,
JEN
1—0o 1—0o
NTij 1(wi/Ai) T
k=1 Tk;J(wk/Ak) 7

where X;; = wjL; is the bilateral flow of goods from i € N to j € N.

2. Trade is balanced, i.e. income in a location i € N is equal to the value of all goods purchased
from all other locations:

JEN

3. Welfare is equalized, i.e. there exists a scalar W > 0 such that for all i € N,W; < W, with
the equality strict if L; > 0.

4. Productivities and amenities are given by equations (22) and (23).

A.2.2 Applying Theorem 1

Combining the first three equilibrium conditions (see equations (10) and (11) of Allen and Arkolakis
(2014)) and re-arranging equations (22) and (23) yields the following system of 4N equilibrium

9 Assuming alternative spillover functions A4; = A; Zje N F;}‘L}’ and u; = u; Zje N F;;Lf result in an
elasticity matrix with the same spectral radius as the one below, i.e. the conclusions of Theorem 1 below
are unchanged.



conditions in 4N unknowns:
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which together comprise our equilibrium system. It is immediately evident that this system takes
the form of equation (8), which is a special case of equation (1), so by applying Remarks 4 and 5,
it is sufficient to characterize the spectral radius of matrix A = ’Bl"f1
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It can be shown that p(A) < 1 only if &« = = 0, i.e. only if there are no spatial spillovers.
Note that this is a substantial departure from Allen and Arkolakis (2014) and Allen, Arkolakis, and
Takahashi (2020), who show that uniqueness is guaranteed in an economic geography model with
local spillovers as long as the dispersion forces are stronger than agglomeration forces; in contrast,
Theorem 1 part (iii) says that there will be geographies for which there are multiple equilibria for
in the presence of any spatial spillover, i.e. for any non-zero o and 3. Note too that this is also
a major qualitative difference with the urban example above, where the conditions for uniqueness
were the same for local and spatial spillovers.

A simple example suffices to provide intuition for the possibility of multiple equilibria. Consider
a world of two identical locations (i.e. A; = ; = 1 for i,j € {1,2}) separated by trade costs 7 > 1.
Suppose there are only productivity spillovers (i.e. 8 = 0); the case with amenity spillovers is
similar. For any o > 0 and F;;l = (1) ii ;j — i.e. a case where the spillovers are positive and
depend only on one’s own population—there exists a 7 > 1 such that there are three equilibria:
one in which both locations have an equal population and one in which one of the two locations
has a greater concentration of population (to take advantage of the agglomeration forces). But for
any a < 0 and Fi’? = (1) i: ; j — i.e. a case where the spillovers are negative and depend only
on the other location’s population—there exists a 7 > 1 such that there are again three equilibria:
one in which both locations have an equal population and one in which one of the two locations has



a greater concentration of population (to take advantage of the fact that the smaller population in
the neighbor increases productivity spillovers). That is, with spatial spillovers, a dispersion force
from population elsewhere acts like a local agglomeration force.

To our knowledge, this is the first characterization of uniqueness in an economic geography
model with spatial spillovers.

A.3 A trade model with intermediate goods and tariffs

We now consider a Ricardian model based on the seminal work of Eaton and Kortum (2002) but
augmented to include tariffs and an input-output network as in Alvarez and Lucas (2007).

A.3.1 The model
Setup

There are N locations, each of which produces 3 sets of goods: a continuum of tradeables ¢;(u)
where u € [0,1], a aggregate intermediate good a;, and a non-tradeable final good ¢;. Agents in the
economy derive their utility from the non-tradeable final good ¢;. This final good ¢; is produced in
a Cobb-Douglas manner using the intermediate good a; and labor i.e. ¢; = s?ia}i_o‘ where s¢; and
ayp; are the labor and intermediate inputs in final good production, respectively. The intermediate
good a; is a Spence-Dixit-Stiglitz aggregate of all varieties of tradeables:

_n_
n—1

“ [/ (e ()

0

where i* = arg minjen pj; (u), i.e. each variety of tradeable is sourced from the lowest cost location.
Tradeables in turn are produced using the composite intermediate good I; as input, along with labor
as:

gi(u) = xi(u)s;(u)’a;(u)'~*

where z;(u)~? is the total factor productivity, a;(u) is the quantity of the intermediate good used
in the production of tradeable variety u and s;(u) is the labor input. Following Alvarez and Lucas
(2007), we assume x;(u) follows an exponential distribution with parameter A\; and its draws are
independent across u (and across countries), allowing us to rewrite the above equations in terms
of z. Each country i € {1,2,..N} = N is endowed with immobile labor L;. Transportation costs
between countries are iceberg in nature, where to keep the notation similar to Alvarez and Lucas
(2007), we denote by k;; < 1 as the fraction arriving in location j € N if one unit is set from
location i € N. Tariffs w;; are defined as the proportion of revenue received by producer in country
7 for a unit of its tradeable good sold in country ¢. In addition, we define Y,,,; as the revenue of the
tradeables sector and I; as the expenditure on tradeables in country 3.

Equilibrium

The equilibrium can be characterized by three sets of equations. The first one corresponds to
equation 3.8 in Alvarez and Lucas (2007):

—1/0 -
b = S (S 28) T () 24)

jen N\ i




Now we derive the other two, which are different from those in Alvarez and Lucas (2007) and
convenient for the exercise here. Let Ly; and L,,; be the numbers of labor used in country i’s
production of the final and intermediate goods. We have aYy; = L;w; and 8Y,,; = Lypjw;. Adding
both sides of the two equations, we get

oYy + fYmi = Liw;.

Also let T; be the total tariffs collected by country i. Notice that the residents’ total income in
country 4 is Ljw; + T; and all used to buy the final goods. That is Yy; = L;w; + T;. Substitute the
expression into the above displayed equation. We can solve

B
= T; Yo 25
l—a ' * l—a ™ (25)
Let I be the total expenditure on intermediate goods in country j. Then Dj;I; is the amount
spent on intermediate goods from country i, of which (1 —wj;) Dj;il; is tariff and goes to the

government and wj;Dj;il; goes to the producer. Thus, we have T; = Zje/\/(l —wj;) Djil; and

Liw;

Yoi = Zje wvwjiiDjilj. Insert them into equation (25). Then we get our second equilibrium
equation

4 11—«

JEN

Furthermore, notice that producers’ total expenditure I; + L;w; must be equal to their total income
Yii+Yyiie. Ii+Liw; = Yy +Yy;. Since Lyw;+T; = Yy;, I; must be equal to Y,,,; +7;. Substituting
the expression of Y,,; and T;, we then have

I;=> Dyl (27)
JEN
Although the above equilibrium equations can be simply transformed the one in Theorem 1,
unfortunately, the corresponding spectral radius we get is larger than 1.1 We move to impose a
quasi-symmetry condition like Allen and Arkolakis (2014) that can allow us to reduce the three
sets of equilibrium equations into two. Specifically, we assume x;;w;; = 7;5¢;7; for some 755, ¢;, and
r;j where 7 is symmetric i.e. for any 7, j, 7; = 7.
Notice that ZJ-GN D;j = 1. Multiplying it with both sides of equation (27), we get Zje/\/ Dyjl; =

Pmi KijWij

B 1-p\ —1/0 ~1/6
Zje/\/ Dj;I;. Substitute into the expression of equation D;; = A; <w3pm’) < AB > and

RijWij = TijCiTyj, then:

_ -1/6 ~1/6
Z)\. “}?prlnjﬁ ( AB >1/01._ZA, w) Py’ / ( AB >l/91.
JEN ! Pmi TijCiT'j ’ JeN ’ Pmj TjiCjT4 7

On the left side of this equation, keep all the i-related variables (¢;, pmi, and I;) and move the
rest (the summation) to the right side; similarly, on the right side of this equation, keep all the

19This does not necessarily imply multiplicity of solutions since {K;;, > 0} i jen new are correlated unlike
Part (iii). For example, K;;;, in equations (26) and (27) both depend on tariffs and thus are correlated with

each other.



i-related variables (\;, r;, w;, and pp,;,) and move the rest (the summation) to the left side. We
have:

10 ( B 1-p\ /¢
il wnil” (wlp’)
1/6 - —1/6 -1/6°
AB 1/6 1/0 AB /6 ( B 1-8
ZjGN (Tji > Cj Py IJ Zjej\/ (T,L‘j ) )\ i7" < W; Py )
1/60 1/6 10 (g 1-g\ V0 = N .
Denote the numerators, ¢;” "p, ;' I; and \;r; ( i Do ) , as I; and w; respectively. Further-

1/6
more, denote (g) as 7;;. Notice that 7;; = 7;;. Then we can write the above equation as
ij

> I"% 7> ;\f”i%__w_, of which the value we denote as ;. Then we can write this equation as
jen Tiglj jeN TijWj
two equations:

I = Z ~itiilj;
JjEN
’(I]Z = Z ’yﬁiju?j.
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Thus I and @ can be viewed as two solutions of equation x; = > JeN ViTijTj. According to

Perron-Frobenius theorem, I and @ is different at most up to scale Le. there exists some constant
a such that I; = aw;. Furthermore, substitute into the expression of I; and w; and we get

I = a\r 1/9 1/9 (w?pi_iﬂ)_l/e. (28)
Notice that in this expression, I;, w;, and p,,; are nominal variables and we can scale them arbitrarily
and get the corresponding a. Therefore, a simply reflects the normalization of nominal variables
and without loss of generality, we set a = 1.

Substitute equation (28) into equation (26). Then, the equilibrium can be characterized by
equations (24) and (26) where the endogenous variables are: p,;, the price index of tradeables in
country ¢; and w;, country ¢’s wage.

Applying Theorem 1

As in the previous example, the equilibrium of this system can be expressed in the special form of
equation (1) presented in equation (8) in Remark 5. Now we show how to transform the equilibrium

~1/9
equations into the form of equation (8). To see this, denote \; ( L AB ) in equation (24) as

Kzlj, so that it becomes

il = 3 i (wil?) (29)

JEN

: -1/6
Second, substitute the expression of D;; = A; (7"‘3) ( AB ) and I; = a\;r 1/9 1/0 (wi P

1/0
into equation (26), multiply both sides by (w’B pimﬁ ) Li_l, so that equation (26) becomes:

2—'5
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Z1+B/(9 1'— Z <w5p71n]6>7 ’ (30)

s y -1/ _
where KZQJ = a(l=wyi) 4w, ( AB ) AiAjr 1/9 1/QL_

-« KjiWji
Now we have transformejd ]the equ1hbr1um equatlons into the form (8) and with two set of
endogenous variables {pm;, wi}i:1,2,.‘. Notice that K I and Kfj, defined above are positive when
a,3,0 >0and 0 < w;; < 1.
Then we have the corresponding parameter matrices

b < (1:1B/)9/0 1+0/a’/9)’ b= ( :S:ggéz :g%)

Clearly, I' is always invertible as long as 6 > 0. Therefore, we have

e
Brt={ % ”}

B+0 B+0

Here p (|BF 1‘) B J;,ieﬂ 9 < 1ie we always have (up-to-scale) uniqueness with quasi-symmetry
trade costs x;; and tariffs w;;. In comparison, the conditions for uniqueness in Alvarez and Lucas
(2007) (see their Theorem 3) are:

(i) < min_ {k;;} néln {w”}>9 >1-04; (1) a> G;(iil) 1 — mln {Ww} < 0

jEN? 1,JEN OC—B’

although these conditions are derived only for the special case of uniform tariffs (i.e. w;; = w; for
all j € N).

A.4 A production network with multiple intermediates goods

We extend the many firm production network in the seminal paper by Acemoglu, Carvalho,
Ozdaglar, and Tahbaz-Salehi (2012) to include (1) a constant elasticity of substitution (CES) ag-
gregator across labor and intermediates (as discussed in Carvalho and Tahbaz-Salehi (2019)), (2)
a constant elasticity of substitution between intermediate goods (as discussed in Carvalho, Nirei,
Saito, and Tahbaz-Salehi (2021)), and (3) multiple types of intermediates goods.

A.4.1 The model

Setup There are N different competitive firms, each of which produce H distinct products using as
intermediate goods the output of all other firms. The quantity of product H by firmi € {1,..., N} =
N, Q;p, is determined by a constant elasticity of substitution production function combining labor
and a composite bundle of intermediate goods as follows:

Ch
¢p—1 1 Ch=1 ] ¢p—1

A [
Qin = | (1= pan) % (AinLin) 5+ pgp M, ™

where p;, is between 0 and 1 and governs the relative importance of labor and intermediate goods,
L;p, is the amount of labor, A;j, is the (exogenous) labor productivity, ¢, is the elasticity of substi-



tution between labor and intermediates, and the intermediate input bundle M;; is a CES aggregate
of inputs purchased from other firms:

n! Bhin
1 ah/fl Uhlfl

o Y Y
M =TT [ D ashndsinin ;

heH JEN

where oy, is the elasticity of substitution between different intermediate goods, a i/, represents
the production network of firms j supplying intermediates A’ in firm i’s production of product h,
jin'n is the quantity supplied, and {85 }),cy is the intermediates share satisfying >,/ Bpn = 1
for all h.

Equilibrium Solving the cost minimization problem of the firm results in the following system of
equations for equilibrium firm prices p;p:

By
1,th, (174}1)

_ B L o
pin = (1= pan) (w/Ain) " + pan H 5h/§h " Z ajih’hpjh/ah (31)
h'eH JEN

where w is the (exogenous) market wage.

A.4.2 Applying Theorem 1

Take both sides of equation (31) to the power of ﬁ Then, due to Remark 1 it takes the form of
equation (1). Denote its right side as Fj,(-). We can directly bound its elasticity as follows:

Since ) ;. Bwn = 1, according to Remark 1, we have p(8)=1. Thus by Theorem 1 (part ii.a)
and Remark 1, there exists at most one equilibrium. To our knowledge, this is the first proof of
uniqueness of an equilibrium in a many firm production network with multiple types of intermediates
goods and constant elasticity of substitution between different types of intermediate goods and
between the intermediate goods bundle and labor.

A.5 Identification of productivities in a production network model with
many locations and sectors

We next consider input-output production networks with many locations and sectors as in the work
of Caliendo and Parro (2015). The purpose of this is two-fold: first, it demonstrates how Theorem

1 can be applied to establish identification results; second, it demonstrates the ubiquity of economic
situations where p (A) = 1, highlighting the importance of part (ii) of Theorem 1.

A.5.1 The Model

Setup Consider an economy comprised of i € {1,..., N} = N locations and h € {1,.... H}
‘H sectors. Each sector h in location i produces a differentiated intermediate good (denoted as

10



good (i,h)) by combining local labor with a Cobb-Douglas combination of a CES composite of
intermediates from all locations according to the following production function:

n! Bhin

Iyl 1 Uh/fl

Qin = Ain L) H Z Linin ,

heH JEN

where gj;,7p is the quantity of the good (j,h’) used as an intermediate good in the production of
good (i,h), {on},cy are the sector elasticities of substitution across locations, {ayp}, o, are the
sector labor shares, and B = [fBy] is an H x H input-output matrix of intermediate inputs, and
{Azh}?ézf are the productivities of each sector-location. The shipment of good (j, /') from j € N
to ¢ € N incurs an iceberg trade cost 7, > 1.

Suppose that each location i € N is endowed with L; agents, each of whom is perfectly mobile
across sectors and earns (equilibrium) wage w; for inelastically supplying one unit of labor. Agents
use their wages to consume a non-traded ﬁnal good produced by combining intermediate goods
with the production function C; = Hhe’H o, where > hen Yo = 1 are the consumption shares of

Th—

1\ o,-1
each sector, My, = Zje/\/ mj,fh > , and myy, is the quantity of the good (j,h) used in the

production of final good.

Equilibrium From the cost minimization, the equilibrium price of the intermediate good produced
by sector h € H in location i € N is:

pi wi TT P, (32)
h'eH
where
1- 1 1—
Pih = Z ]zhah ]h . (33)

JEN

is a sector-location price index of intermediate goods purchased in all locations, and ¢, > 0 is a
exogenous constant.!!

Let Y, = pinQin denote the income of sector h € H in location 7 € A/, which in equilibrium is
equal to its total sales to all locations and sectors:

1 1 1
Yip, = Z hahpm Uhpﬁf (Buw + ynaw) Yinr, (34)
JeN h'eH

where the two terms in the last summation captures how much spending in sector (j, h’) translates
to spending in sector (7, h) through intermediate production and final good purchases by consumers,
respectively.

Identification The question we are interested in is the following. Suppose one observes (1) the
sales of each sector h € H in each location i € N, i.e. {}Qh}feejz/{7 (2) the labor endowment {L;}, s
(3) the sector elasticities {o4};,c; (4) the sector production function labor shares {ayp};, 4 and

input-output matrix B = [fp]; (5) the final good production shares {73 };,c4 ;and (6) the sector-

Un particular, ¢, = o © "Then Bh,ﬁh'h.

11



specific bilateral trade costs {Tijh}?f.g/\/—. Is it possible to identify the productivity of each sector

h € H in each location ¢ € H, {Am}?eex}[? One could imagine many instances where recovering
the underlying productivities of different sectors in different locations from observed sales data is
useful and important: e.g. in the study of comparative advantage, structural change, technological
innovations, etc.

A.5.2 Applying Theorem 1

We begin by remarking that since wages can be inferred directly from the observed labor share

of income and labor endowment, given knowledge of prices {pm}?éz/{ and price indices {Pm}?éz/{ ,

one can immediately recover productivities {Alh}?gx}l from equation (32). Hence, it is sufficient to
focus on the question of identification of prices and price indices.

H H
Define the 2H x 1 endogenous vector x; = [{Pilh_ah }h g {p?,f_l}h 1] so that equations (33)
and (34) can be written as:

i = 2 Kz‘j,h:vj_}wH ifthe{l,...H}
Z S Fintih_g ithe{H+1,.,2H}

— —_ / / ’ Y /
where K, = T}Z.h"h forh e {1,..,H}and Fj;) = Tiljhah (Zh E”(’Bh'g,:r%ah in ) forh e {H+1,...,2H}.
0 I
1 SI ) ,where I
is the H x H identity matrix. Regardless of the particular input output structure (or the values of
labor shares, final goods shares, or sector elasticities) we have p (A) = 1, and so from Theorem 1
part (ii) there is at most one set of (column-wise to scale unique) prices {plh}?g/{ and price indices

As a result, we can define the 2H x 2H matrix of elasticity bounds as A = <

{Plh}?gf consistent with equations (33) and (34). Thus, there is at most one (column-wise up to
scale) unique set of productivities {A;,} consistent with observed sales data.'?

A.6 A forward-looking migration model with agglomeration spillovers

We next consider a dynamic migration framework. The model is based on the work of Artug,
Chaudhuri, and McLaren (2010), extended into general equilibrium as in Caliendo, Dvorkin, and
Parro (2019) with productivity and amenity spillovers as in Allen and Donaldson (2020). Here
we consider a version of the framework where all locations produce a homogeneous and costlessly
traded numeraire good.

Setup There are i € {1,..., N} = N locations inhabited by identical agents that are mobile across
space. Time t € {0,1,...,T} = T is discrete and finite.!®> In each period t € T, agent v derives a
period utility In (u; +A4; ) from living at location ¢ € N, where u;; and A;; refer to the amenity and
productivity at location 7, respectively. The agent discounts the future at a rate 6 < 1.

We denote the value of living at location ¢ at period t as v; . For period ¢t = T', this value is
simply the period utility i.e. v;7 = In(u;7A; 7). For any period ¢ < T — 1, this value depends

12The column-wise up to scale uniqueness implies that the relative productivity within sector across lo-
cations can be identified from sales data, but the relative productivity across sectors cannot; intuitively,
if the productivity of sector h doubles in all locations, given the unit price elasticity from the presumed
Cobb-Douglas production function, its price will half, leaving its sales unchanged.

13Extending the results below to an infinite T is an interesting avenue for future research.
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on both her period utility at location ¢ and her highest utility of moving to another location next
period:

vip = In (w1 Aie) + 0Ey [T%%( (Uj,t+1 — Mije+1 + 6ij,t+1)
J

where 115141 represents the migration cost from i to j, €541 (v) is the idiosyncratic utility shock
and [E; is the expectation operator. Assuming that €;;,11 (v) follows a Type-I Extreme Value
distribution with zero mean and shape parameter 6, we obtain:

0
Vit = exp (vig) = witAiy Z n t+1Vj?t+1 forallt <T —1, (35)
J

where Tj;; = exp (—pij,) and
V;’T = ui,TAi,T, fort="1T. (36)

Spillovers We suppose that agents’ location choices can endogenously affect the productivity A;;
and amenity uj; of residing in a location. Specifically, these depend both on the innate productivity
(amenity) of block i, A;; (1), and the number of each type of agents working (residing) in that
location:

Aip = Ai L5 uip = sz‘,tLEt- (37)

Equilibrium For any given geography { gty Aty Ui }ZEI/ , initial population distribution {L; o},
and model parameters {«, 3,6, d}, an equilibrium is a pair of sequences of populations and values
{Li+,Vit} such that equations (36), (37) hold, equilibrium condition (35) holds, and the choice
probability of agent in ¢ to be in location j in period ¢, m;j¢, is obtained from the value function
(35), resulting in the following equilibrium law of motion of labor:

Ts Ve,
Ly = Z Tijelji—1 = Z #Lj,tfla (38)
JEN JEN ZkGN ik, th )t

which holds for all : € M and t € T.

Theorem 1, parts (i) and (ii) We now apply Theorem 1 to characterize the equilibrium of the
model. We proceed in three steps.

Step 1: Re-write the equilibrium in the form of equation (1) We first define G;; =

(Z fj tV(’) , so that equation (35) becomes V;; = ui,tAi7tG?7t+1. Substituting this expression
and equation (37) back into the definition of Gj; yields:

Z KU tL] th t+1>
JEN

where v = a4+ 8 and K;;; = ng tA] tujt Similar substitutions in equation (38) yields:

L0098 =07
L; t Gz A1 T Z Kﬂ,th,t Lji-1.
JEN
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We then apply the logic of Remark 5 and further rewrite equilibrium equations (35) and (38) in the
format of equation (8), by setting x;; = G?,t and y; ¢ = 1 WG 951 so that we obtain for all ¢ < T"

7,0+
Z K 1— 'y@ 1 a’y@ (39)
ijitYje Ljtr1s
JEN
d—1+4~06 1
1—~6 0
= Kjiw;, "yl (40)
JEN
Following this process t = T yields:
Ty T = Z Kz] TyJIT’YQa (41)
JjEN
5— 1+39 1 5
1
sz—Z zTaUJT7 yJTﬂ{ 1 (42)

jeN

Equations (39)—(42) comprise an N x 2T system of equations in the form of equation (1) (with
H = 2T), as required.

Step 2: Construct the matrix of elasticity bounds A We now construct the matrix of
elasticity bounds A. Because the elasticities are constant, the bounds are simply the elasticities
themselves. Moreover, because the system of equations only depends on the endogenous outcomes
in the prior period, current period, and subsequent period, we can write the matrix A solely as a
function of the following three matrices corresponding to elasticities of x;, y;; with respect to each
of these two variables at the same time period ¢, at time period t 4+ 1, and at time period ¢ — 1:

= ‘1 79 - ‘1—59‘ 0 _
Mp = J—1410 , My = v , My, = ‘
‘ == 0 0 =0

so that:
Mp My 0 0
Mp Mp My 0
A= 0 M Mp 0
. My

0 0 0 Mp Mp
From parts (i) and (ii.b) of Theorem 1, the equilibrium system is unique if p (A) < 1. The next
(optional) step helps to provide additional economic intuition.

Step 3: Simplify the condition on the spectral radius Suppose that v = a+ 8 < 0, i.e.
the spillovers are net dispersive. The Collatz—Wielandt Formula implies that the spectral radius
can be bounded above by the maximum of the sum of the absolute value of the elements of each
columns of the matrix; as a result, if the sum of every column of A is less than or equal to one,
then uniqueness is assured. Consider the first column. Since § < 1 and v < 0, we have:

’6—1—1-'}/9‘: 1-90-6 _

1—~6 1—~6
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Similarly, it is straightforward to show that the sum of any other odd column or any even column is
equal to one. Hence, as long as v < 0, then for any 6 < 1, we have p (|A|) < 1, and the equilibrium
system is unique.

Theorem 1, part (iii): Multiplicity Part (iii) of Theorem 1 implies that for any choice of model
parameters such that p (A) > 1, there will exist a geography such that there are multiple equilibria.
We illustrate this in a simple economy with two identical locations with symmetric migration costs
(N=2 A =u; =1, pije = poif @ # j, and p5 = 0 if @ = j) initially inhabited by an equal
number of agents with preferences defined by a discount parameter of § = 0.99 and migration
elasticity of 6 = 2. When v > 0 (i.e. the spillovers are net agglomerative), as long as the migration
costs p are sufficiently large, there exist three possible equilibria: an (unstable) equilibrium where
both locations remain equally populated, and another type of equilibrium where economic activity
becomes concentrated in one of the two locations to take advantage of the agglomeration economies.

Comparison to previously known results To our knowledge, little is known about the equi-
librium properties of a dynamic economic geography model. Kleinman, Liu, and Redding (2023)
consider a log-linearized version of a dynamic economic geography model but do not characterize
the non-linear system. Allen and Donaldson (2020) provide conditions for uniqueness, but those
conditions themselves are written in terms of properties of corresponding second-order linear differ-
ence equations. Bilal (2023) provides sufficient conditions for local uniqueness around the steady
state(s) for infinite lived agents in continuous time but does not consider the global uniqueness
of the economy. In contrast, the results here—albeit in a setting with only migration costs and
no trade frictions—are simple and straightforward: if spillovers are net dispersive, i.e. as long as
agents would prefer to reside apart from each other, uniqueness is assured. It is worthwhile noting
that this condition is identical to the one given by Allen and Arkolakis (2014) for a static setting
with trade costs and perfect labor mobility.

A.7 Social interactions with many types of networks

We consider a social network based on the work of Ballester, Calvé-Armengol, and Zenou (2006)
(as summarized in the review article of Jackson and Zenou (2015)) where agents’ payoffs depend
both on their own actions as well as the actions of others in their social network. We extend that
framework to incorporate (a) flexible impacts of others’ actions on one’s own payoffs; (b) many
different types of actions; and (c) many different types of networks. Allowing agents’ different
types of actions through different networks—and for those choices to flexibly affect the payoffs of
all other agents’ actions—enables the study of a variety of empirically relevant social interactions,
including e.g. the interdependent nature of different types actions on different social networks
(friends, family, work, etc).

Setup There are i € {1,..., N} = N agents, each of whom decides how much effort x;, to exert
on each activity h € {1,..., H} = H. Agent i’s payoff from activity h is:
2
heH\ Lip,
Wi, ({wjh/}jeN ) = CinTih — — + Tin ; fijh ({fb’jh/}h,GH) ;
YE=)

where ¢;;, > 0 is the (constant) marginal own benefit of effort, costs are quadratic in effort, and
fijn () > 0 is a function capturing the network of type h and how others’ efforts in all activities
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affect agent i’s payoff in activity h. Agent ¢’s overall utility is given by:

w; (x) = mug (z), . uim (2)]

where m (-) is a monotonic function increasing in each of its arguments.

Example For the purpose of illustration, consider a simple example with H = 2 where f;;; ({x]‘hl } h’eH> =

Q11 .02 y . Q21 002 A A )
Kipafitajy® and fijo <{xﬂh'}h’eﬂ> = Kijpajf'aiy?. Here, {xﬂ}jeN and {xﬂ}jeN can be agents

incomes and educations, respectively; correspondingly, {Kijl}i,je A and {K’iﬂ}i,je - reflect the
economic and education networks, through which incomes and educations are determined, with
{auj}, je(1.2} capturing the interaction between incomes and educations.

Equilibrium Agent i choose her efforts {x;;})c,, to maximize her utility u; (x). The first order
conditions give the best response function of agent ¢ € N for action h € H to all other agents

actions:
Tin = cin+ Y _ fijh ({5Ujh/}h/€7_[> ; (43)
J#i
which is a special case of equation (1) (where fin (zj1,....,2;0) = cin). We note that Ballester,

Calvé-Armengol, and Zenou (2006) consider a single network (H = 1) and a linear spillover function
(fij (x5) = gijz;)-

Theorem 1, part (i): General spillovers Suppose that the elasticities of the spillover function

can be bounded, i.e. for all h,h’ € H there exists an ayy > 0 such that ‘3;27%
J

< aypy for all

{l‘jh/}h/eH. Let A be the H x H matrix whose (h,h’) element is ayp/. From Theorem 1 part (i),

there exists a unique strictly positive equilibrium if p (A) < 1. Moreover, that equilibrium can be
reached from any initial strictly positive starting point {x?h,}li:: by iteration of equation (43).
Note that the iterative procedure here has the simple economic]intuition as an application of best-
response dynamics, i.e. from any initial starting point, the unique equilibrium can be reached as
an iterative application of agents’ best-responses (see e.g. section 6 of Parise and Ozdaglar (2019)).
Finally, while there may also be weakly positive solutions, from Remark 2 any such solutions will

be asymptotically unstable, in the sense of e.g. Weibull (1997).14

Theorem 1, part (ii): Constant elasticity spillovers Consider the above example of income and
education networks. Then from Theorem 1 part (ii), there is at most one equilibrium if p (A) < 1.

Theorem 1, part (iii): Multiplicity It is sufficient to consider a two agent single network (N = 2,
H = 1) with constant elasticity social spillover f;; = gijz§. For any a > 1 it is straightforward to
confirm that the payoff structure of ¢y = co = 1— i and g1 = go1 = i has at least two solutions: a
low-effort symmetric equilibrium (z1, x2) = (1, 1) and a high-effort symmetric equilibrium (z1, z2) =
(M, M), where M is the maximal root of the equation z® — 2ax + 2a — 1 = 0.

14Tn Online Appendix A.11, we extend the analysis here to consider the uniqueness of weakly positive
solutions in the setting where the best response functions are linear (i.e. p(A) =1).
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Comparison to previously known results We view our results are complementary to existing
results in the social network literature.

In the baseline network model where H = 1 and f;; = g;;x;, Ballester, Calvé-Armengol, and
Zenou (2006) show that there exists a unique interior solution if p (G) < 1, where G is the N x N
matrix with (7, ) element g;;, i.e. they provide a condition on the spectral radius of the network
structure. In contrast, Theorem 1.ii.a shows there exists at most one interior equilibrium, as the
elasticities of fij = gijx; and fi; = ¢; are equal to and smaller than 1, respectively. Combining
these results in the o = 1 case illustrates that the condition p (G) < 1 guarantees the existence of
an interior equilibrium, but not uniqueness (indeed, if p (G) > 1, there exists no interior solution).

Bramoullé, Kranton, and D’amours (2014) and Galeotti, Golub, and Goyal (2020) extend the
Ballester, Calvé-Armengol, and Zenou (2006) framework to the case where actions can be sub-
stitutes by allowing possibly negative G and offer similar conditions for uniqueness as Ballester,
Calvé-Armengol, and Zenou (2006) based on the network structure. While Theorem 1 does not
allow negative f;;p,, it can incorporate situations where actions are substitutes through negative
payoff elasticities.!® In the example above, income and education can be substitutes if a9 and aop
are negative. Moreover, while there may exist non-interior weakly positive equilibria, Remark 2
guarantees that the only stable equilibria is the unique strictly positive solution when the spectral
radius p (A) < 1.

As in Allouch (2015); Acemoglu, Garcia-Jimeno, and Robinson (2015) and Chen, Zenou, and
Zhou (2018), the setup above also extends the Ballester, Calvé-Armengol, and Zenou (2006) frame-
work to include non-linearity and multiple activities. However, the setup above also extends the
framework to allow for multiple networks, something (to the best of our knowledge) for which
positive properties have not been previously characterized, despite the empirical importance of
simultaneous social interactions across multiple types networks (see e.g. Christakis and Fowler
(2009); Banerjee, Chandrasekhar, Duflo, and Jackson (2013)). Our characterization emphasizes
that the positive properties of the equilibrium multi-network system can be characterized in terms
of a single statistic: the spectral radius of the matrix of the elasticities of the social interactions.

A.8 Discrete choice over many actions with social interactions

Here we consider a discrete choice framework with social interactions as in the seminal paper of
Brock and Durlauf (2001), generalized to include agents simultaneously choosing over many types
of actions with flexible social spillovers across agents and actions.

A.8.1 The model

Setup Suppose there are N agents. Each agent i € {1,..., N} = N makes a discrete choice over
H={1,.. H}, aset of H actions.

Vin (i) = win, + Sin (1) + €in,

where u;;, is the private utility associated with action h, S;, (i) is the social utility, p; is agent
i’s belief of other agents’ actions, and g;, is a random utility term, independently and identically

5Note that Theorem 1’s parallel result, Remark 3, does allow negative fijn. Remark 3 is also comple-
mentary with existing works on social networks by enabling the characterization of non-symmetric networks
and settings with multiple actions in multiple networks (see Online Appendices A.10 and A.11).
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distributed across agents and actions. Agent chooses action
arg max V; i
gmax Vi, (1)

that maximizes her payoffs given her belief of the actions of others.Define ;5 to be the conditional
probability measure agent i places on the probability that agent j chooses action h. We assume
that S, (i) takes the following form:

Sin (1) = > T In ()
Wen

where Jyy reflects the impact of action h' by others on agent i’s utility when she chooses action
hy Ty = i Wigh! High! is her (weighted) expected number of agents taking action h’, Wijpr 18
the corresponding weight, and p;;, is her belief of agent ¢ taking action h'. We note that the
log transform on the social utility function — not present in the primary case considered by Brock
and Durlauf (2001) — ensures that the uniqueness of the equilibrium can be characterized without
reference to an (endogenous) threshold value (c.f. Brock and Durlauf (2001) Proposition 2).

Equilibrium Retaining the assumption from Brock and Durlauf (2001) that the random utility
term follows a type I extreme value distribution with shape parameter 8, and agent’s conditional
probabilities are rational (so that p;;, = pjp for all j € {1,..., N} and p;j, is equal to the probability
agent j actually chooses action h) results in the following equilibrium conditions for all i € {1,..., N}
and for all h € {1,..., H}:

. /Bthh’
eﬁhuzh <Hh’E'H (ijéz wijh’ﬂjh’) )

Beus BreJin
Y nep €0k ( Tlprey (Zj;éz’ wz‘jhfujh')

[hih = (44)

Note this is a system of N x H equilibrium conditions in N X H unknown probabilities j;. Equation
(44) is a special case of (1). From Remark 5, define @i, = >, ; wijnpijn, which, when combined
with equation (44), becomes:

)Bh‘]hh’

Bnujn .
enin Ty ey (im0
i D e €% (Mew ()

Bruip BrIpnt
[ J Hh’E’H(xjh’)

- BT
2ken Kk (Hh’GH (xjh’) Hokn!

(45)

Finally, defining f;;n, = w;jn ( )) if j # 4 and f;;p = 0 results in equation

(45) be written as:

zin =Y fijn (@1, Tjm)
JEN

as in (1).
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A.8.2 Applying Theorem 1

It is straightforward to calculate the elasticities of interactions as follows:

) J,
ePrtjk (Hh’e?-l ($jh’)6k kh!

Oln fijn _ BT — Z

Bre Sk
Loy ) Jent
dlnz;y T Y ey € (Hh/eH (:Ejh/)ﬁk kb )
which is between lhh/ = ﬁhjhh/ — maXgcy /Bkjkh’ and jhh’ = /Bh']hh’ - minke% ﬁkah/. Thus if we
define: B
(A) = max (=L, Jhw)

then we have for all h, h':
8 ln fij,h
Olnxjp

< (A)pp -

From Theorem 1, there is a unique solution if p (A) < 1, i.e. as long as the social spillovers are not
too heterogeneous across actions.

A.9 Choosing many (continuous) actions with social interactions

Here we consider a framework with non-market interactions as in Glaeser and Scheinkman (2002),
generalized to include many actions and a general network structure.

A.9.1 The Model

Setup Suppose there are N agents where each agent i € {1,..., N} = N who chooses actions
{zin}, indexed by h € {1,..., H} = H. Let agent ¢'s payoffs depend on her own actions and the
actions of others as follows:

Ui [ {zinthen Zgzjh/%’h' ; (46)
where the utility function U; is strictly concave in each x;p,, g;j» > 0, and > i Gijh' Tjly Measures
the aggregate behavior of agent i’s peers. Note that this generalizes Glaeser and Scheinkman (2002)
to include an unrestricted network structure { gijh/} and arbitrary H.

Equilibrium Suppose there exists a unique solution to the utility maximization problem of equa-
tion (46) that can be written as:

Tin = fin | 4D Gigwin ; (47)
J#i heH

where f;;, is the best response function. Following Remark 5, we define y;, = > i 9ijhTjh and
substitute the expression (47), yielding:

Yih = Zgijhfjh ({yjh/}h,eﬂ) : (48)
i
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A.9.2 Applying Theorem 1

It is immediately evident that equation (48) is a special case of equation (1). Suppose that the
elasticities of the spillover function can be bounded, i.e. for all h,h’ € H there exists an ay > 0

such that ‘gllrll];jj; < aypyy for all {yjh'}h’eH' Let A be the H x H matrix whose (h,h') element

is app. From Theorem 1 part (i), there exists a unique equilibrium if p (A) < 1. Moreover, that
heH

equilibrium can be reached from any initial starting point {y?h,} by iteration of equation (48).

Glaeser and Scheinkman (2002) prove uniqueness in the H = 1 case where ) i 9 = 1 if a

of;

“Moderate Social Influence” condition holds, i.e. ‘ By ‘ < 1 for all y;. Notice that their results

are actually implied by Remark 3 and depend on the particular network structure. In the H =1

.- . . . In f;
case, our condition, obtained from Theorem 1, simplifies to ‘glﬁ g -
J

< 1 for all y;, regardless of the

structure of {g;;}. More generally, ours is the first characterization (of which we are aware) for the
H > 1 case with general {g;;p}.

A.10 Public goods in social networks

Here we consider a framework where agents decide how much of their own resources to contribute
to public goods whose payoff depends on the contributions of others. To do so, we extend the work
of Allouch (2015) and Acemoglu, Garcia-Jimeno, and Robinson (2015) to allow agents to contribute
multiple types of public goods on multiple social networks.'6

A.10.1 The model

Setup Consider a world of i € {1,...,N} = N agents. Agent i € N is endowed with wealth
w; and chooses how allocate that wealth to private consumption (¢;) or contributions to H public
goods ({Qih}he{l,Q,S...H}zH)v where her payoff depends on the contributions of all other agents. In
particular, agent i € N solves:

max U; (¢;, {Qin}y)

Ciyqs

s.t. ¢ + Z%’h =w; + ZQ—ih and ¢; > 0,
h h
where U; (+) is the utility function Qi = gqin + Q—sp is the public good bundle with Q_;, =
> i 9ijhQih the contributions of all other agents, and the N x N matrix Gy = [gijh] governs the
payoff of j’s contribution of public good h to agent ¢ (thereby defining the social network h).

Equilibrium Suppose that U; (+) is continuous, strictly increasing in all its arguments, and strictly
quasi-concave. Solving agent’s utility maximization problem gives rise to agent ¢ demand function
of public good h,y;, (w; + ) _;, @—in). Notice that if this demand function is less than other agents’
contribution @)_;,, agent ¢ will contribute nothing in public goods. That is in equilibrium we have:

gin = max (%’h <wi +y Q—z’h’) — Q—in, 0) - (49)

hl

16 Allouch (2015) and Acemoglu, Garcfa-Jimeno, and Robinson (2015) extend the work of Bramoullé,
Kranton, and D’amours (2014), who applies the seminal work of the private provision of public goods in
Bergstrom, Blume, and Varian (1986) to a network setting, but with non-linear best response functions.
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We assume that ;p, (+) is differentiable and the private and public goods are all normal goods i.e.
0<~i, <L

A.10.2 Applying Theorem 1’s Remark 3

Denote the right-side of equation (49) as Fjj, (-). The right and left partial derivatives of Fj;, (-) with
respect to gj are either 0 or v}, g;jn if b # h' and (v}, — 1) gijn if b = h'. Thus, according to Remark
3, equation (49) has a unique solution if there exists an N-by-N matrix B satisfying p(B) < 1
such that for all i,j € N, h € H, ¥y, max (| 255208 | |90 ) < |5t 57 i — gijn| < (B),;.

ox 1 L./

jh Jh
Intuitively, as long as the aggregate spillovers between agents’ public goods contributions are not
too strong, the incentives of any agent to shirk her contribution to public goods are not large enough

to result in multiplicity. When H = 1, this condition can be reduced to p(G) < 1%7, where G

)

represents the only network. This condition is very similar to (and stronger than) Allouch (2015)’s
—Amin (G) < 1%7(, since —Amin (G) < p(G). However, the well-definedness of A\, (G) crucially
relies on network G being symmetric (the symmetry guarantees all the eigenvalues of G are real
and can be ranked); in contrast, the condition provided here is valid for asymmetric networks as
well.

A.11 Multiple activities in social networks

We extend the work of Chen, Zenou, and Zhou (2018) where agent’s payoffs depend on their own
multiple actions as well as the actions of others in their social networks to more than two types of
actions on multiple social networks. Unlike in Section A.7, here we focus on linear best response
functions in order to extend the domain of solutions to include zero and negative values.

A.11.1 The model

Setup Consider a system of h € {1,2,3...H} = H social networks with N agents. Each agent
i €{1,2,3..N} = N has preferences over actions {z;p}c,, which take real numbers. We assume
that agents’ preferences are represented by the quadratic utility function:

H 1 H H H N
U, = Z <Cz‘hl‘ih - 2$22h) + Z Z dinh! TinTins + Z Zgijhggihxjh’
h=1

h=1h'=1 h=1 j=1

where c;p,, dipp, and g5, are exogenously given constants and for all 4, h, d;p, = 0 and g, = 0.
The first term in the above expression, reflects decreasing returns to scale of agent i’s own actions;
the second term reflects substitution or complementary effects between agent i’s different actions;
the last term reflects the network externality from other agents and {g;;x} ijens Tepresents the
corresponding social network.

Equilibrium We assume the above utility function is concave. Thus its maximum can be char-
acterized by the first order condition:

Tin = cin+ Y (dinn + dirvn) Tiw + Y _ GijnTin-
h'#h i

Define the H-by-H symmetric matrix D; such that (D), = dinn+dinn . The concavity assumption
implies that matrix I — D; is positive definite and thus invertible. Denote the element of the inverse
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of I — D; as d;,,,. Then we can rewrite the above first order condition as:

Tin =Y O | Cie + D i | - (50)
W i

This equation then represents the Nash equilibrium of this network game.

A.11.2 Applying Theorem 1’s Remark 3

Denote the right-side of equation 50 as Fj, (). Notice that %F;i*f}(f) = Oihw Yijhy- Thus, according
J

to Remark 3, equation (50) has a unique solution if there exists an N-by-N matrix B satisfying
p(B) < 1 such that for all i,j € N, h € H, >/ |Ginn gijnr| < (B)ij. Intuitively, if the aggregate
connections of different networks are low, agents’ influences on each other are weak enough such
that the multiplicity as in coordination games then is excluded.

We note that our condition simplifies to the one given by Chen, Zenou, and Zhou (2018) in
the special case considered there of H = 2, dipp + dipy = —f (h = 1,h' = 2), and for all i, 7,
9ij1 = Gij2 = gij i.e. there is a single network G. To see this, note that by calculating the inverse of
I — D;, we have ),/ [0inn gijn | = %wgij. Then our condition can be written as p(G) < 1 — |3,
which is the one used in Chen, Zenou, and Zhou (2018).

A.12 Inverting a demand system with multiple types of goods

Here we consider the question of the invertibility of demand systems based on the seminal work
of Berry, Levinsohn, and Pakes (1995). In Berry, Levinsohn, and Pakes (1995), agents makes a
choice over a single type of goods, e.g. which cellphone to buy. Here, we extend the framework to
consider a situation where consumers simultaneously make decisions across multiple types of goods,
e.g. which cellphone and computer to buy. We suppose that the market shares for each type are
observed and ask if that is enough information to recover the unobserved demand for each good.'”

A.12.1 The model

Setup There are H types of goods for agents to buy (e.g. cellphones, computers, and automobiles).
Within each type h € {1,..., H} = H of good, there are N} products over which to choose (e.g. in
the case of cellphones, there are the Google Pixel 6, the iPhone 13, etc.). One of these N}, products
may be the choice to purchase nothing.

Let J be a H-by-1 vector representing agent’s choice over the bundle of products. Specifically,
J = [Jnlhen, where j, € {1,..., N} = N}, is agent’s choice of product type h to purchase. Suppose
that the latent utility of agent k’s choice J is:

Uk (J) = Z i+ 1 (Jyvg) + ek (51)

heH
where §;, 1, represents the (unobservable) good characteristics of product jj, in type h, p (J, 1) is a
function of (observable) good characteristics of the bundle J and consumer characteristics v and
ks is a random variable representing agents’ idiosyncratic preference. Note that p (J, vg) flexibly

1"While the choice of buying two products can be technically modeled as a single choice over pairs of
products, applying the inversion results of Berry, Levinsohn, and Pakes (1995) would then require knowledge
of the market shares of each pair of products, which is typically not observed.
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allows for any sort of (observed) complementarity or substitutability across products of different
types, which can potentially vary with consumer characteristics ;. We assume vy ~ P where P is
a known distribution and ey ; has type I extreme value distributions independent of k£ and J.
Suppose for each h € H we observe the fraction of agents that choose product ¢ € Ny, i.e. the
market share s; 5. Our goal is to identify the set of unobservable good characteristics {d; p, }.

Market share Given the extreme value distribution of ;;,, the market share can be written as:

N N, N, N . . .. .
/ exp (6;,n) et Z],h 11 1 Z],Tll 177 ZjHH:1 €xXp (Zh’;ﬁh 65,0 mt (31, o Jn—1,% Jrt1; s JH] »l’)> 4P ()
Si.h — v).
Ny, N N, N N . . . .
Zjh}:I exp (5jh7h) jllzl".zjhh 11 1ZJh}:i1:1”'ZjHH=1 exp (Zhl#h Ejh,/’h/ +:“‘([]11“'1jh—17.]h7.]h<0—11'“)]H]71/))
(52)

A.12.2 Applying Theorem 1

The case of H = 1 (Berry, Levinsohn, and Pakes (1995)) We first consider the case of H = 1,
as in Berry, Levinsohn, and Pakes (1995). In this case, equation (52) becomes:

/ exp (8; + (i, ) P ().
SNy exp (8 + 1 (5, v))

-1
Define z; = exp (6;). Then z; = s;f; (x) ,where f; (z) = (f > exp(u(i.v)) ))dP (y)> . We then

N -
=1 @5 exp(u(jv
have:

Oln f; exp (p (i,v)) x;j exp (p (4, )
= fi dPv
el (S oo ( (k.)))

which in turn implies:

Z‘alnfi dPv
N Olnx;

[ (1 5,v)) 5, 2; e (11 (G, v))

_ 2
(S0 wwexp (1 (k)

= fi @) /fi (@) = 1.

According to part (ii) of Theorem 1 and Remark 1, there is at most one set of {d;} (up to an
unknown constant), as in Berry, Levinsohn, and Pakes (1995).

The case of I =2 We now consider the case of H = 2, under the special case where p ([i, j],v) =
wp ([4,5]) + pe (v), ie. that there is separability between any complementarity or substitutability
of product characteristics and any heterogeneity in consumer preferences. Also, we assume Ni =
Ny = N.

Define x; ;, = exp (0;). Equation (52) can be written as:

N

Ti1%i,2 = E $i,1T4,125,2
Jj=1
N

T32%241 = E 85i,2L5,225,1,
Jj=1
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where:
N
zin= Y wjiexp (pp ([4,1]))
j=1
N

Zia =Y wjoexp (1 ([i,4]))

j=1
It is immediately evident that this system of 4N equations in 4N unknowns takes the form of
equation (8), which is a special case of equation (1), so by applying Remark 5, it is sufficient to

characterize the spectral radius of matrix A = ’BI‘f1 , where:
10 01 10 01
101 10 101 10
B=l1 o000/ T=lo01 0|
01 00 0 001
so that:
1 0 00
10 1.0 0
A=1100 1
0110

which has a spectral radius equal to 1, so that from Theorem 1 part (ii) there exists at most one set
of {6;} consistent with the observed market shares, up to an unknown constant for each h € H,
thereby extending the results of Berry, Levinsohn, and Pakes (1995) to the case of H = 2 under
the special case where p ([i,j],v) = up ([, 7]) + pe (v).

B Additional Details

B.1 Details of Remarks

In this section, we provide further details for the remarks discussed in the paper.

B.1.1 Remark 1

Remark 1: Suppose there exists an H-by-H matrix A such that for all 4,57 € N, h,h/ € H, and

H Olny’ fikn(x) .
zj €RY L D jen a]irel—gfj,, < (A)yp- Then:

(i). If p(A) < 1, there exists a unique solution to equation (1) which can be computed by
iteratively applying equation (1) with a rate of convergence p (A);

(ii). If p(A) =1 and:

a. For all i € N and h,h/ € H when (A),,, # 0 there exists some j such that for all z; € R

Oln3 >y n fikn(z) : ion:
D jeN ’dﬁﬁ—x]h,’ < (A),;» then equation (1) has at most one solution;

O3 ycn fikn(®) _ _ :
b. For all z;, EjeNa’ifl—W = app € R where |agy| = (A),,;,, then there is at most
one column-wise up-to-scale solution, i.e. for any h € H and two solutions z and z’ it must be

@', = cpx, for some scalar ¢, > 0.
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Proving this remark requires only a small change to the proof of Theorem 1. Equality (2)
Ogsn __ OIn} 2, fikn(x)
Oypr Olnwp, ’

Correspondingly, in part (i), inequality (4) becomes

becomes

lgin ) —gin )| =D > M (Yin = Yiw)

najen OYin
o), firn (2)
< Z Z 811?;; ; Ijlé%(‘yjh' ~Yiw
WeH jeN h
< A ’ Th! — /' AR
<Y (A, mae [y — Y
="

And in part (ii.b), equation (6) becomes

o1 i
Yih — Yin, + 8n = Z Z n 2y S (2) (Yine — Y + sn)

Olnx,;
heH jeN I

The rest of the proof of Theorem 1 remains unchanged.

B.1.2 Remark 2

Remark 2: Consider the special case of equation (1) where f;;p, : Rf — Ry = Kijngijn (i1, -, TjH),
where K;;, > 0 and g;;p (x;) is continuous, differentiable, and Jijh (xzj) > 0 for all z; > 0 so that
equation (1) becomes zi, = ;"1 Kijngijn (21, ..., xjm). Thenif p (A) <1 and matrices (Kijh)z‘,jej\f
for all h are irreducible, there exists only one strictly positive solution. Weakly positive solutions,
where for some i, h, m;h = 0, may exist but will be asymptotically unstable,

The condition that matrices (Kijh)”e - for all h are irreducible implies that for any strictly
positive x, Zj\;l Kijngijn (xj1,...,xjm) > 0. Thus we can apply Remark 1 to obtain the existence,
uniqueness, and convergence of the solution. Observe that the convergence simply implies the
unstableness of other weakly positive solutions.

B.1.3 Remark 3

Remark 3: Suppose for all 4,5 € N, h,h' € H,Fj, (x) has right and left partial derivatives with
04 Fip () and 0_Fip ()
8Ijh/ B.Z‘jh/ '

solution if (1) there exists an H-by-H matrix A satisfying p (A) < 1 such that for alli € N, h,h’ €
H, >, max( 04 Fip(2) | | 0—Fin(2) ) < (A)p or (2) there exists an N-by-N matrix B satisfying

a.l‘jh/ Ijh’ —
p(B) < 1 such that for all i,j € N, h € H, >, max( 8%1;;’;530) 8_52151) > < (B)ij- Due to

symmetry, we only need to prove the first condition.

Given any z and ', let my, (t;5) = Fip (1 — t;n) © + t;p2") be a function of ¢, on interval [0, 1].
Since each Fiy, (x) is left and right differentiable, so is m, (tin). Suppose mj, . (tin) and mj, _ (ti)
are function myy, (+)’s right and left derivatives at ¢;,. According to a generalized mean value theo-

rem, there exists some t;, € (0, 1) such that %6”“”(0)

respect to x;,, and denote they as Equationz;;, = Fj, () has a unique

Y

)

is between m/, , (t;n,) and mf, (t;). Ob-

th+
0L Fin (2 O_Fip (2 I
serve that m;h+ (tih) = Zj,h’ [B#};(/)]lejh/>o + #h(/)]lAmjh’<O} Al‘jh/ where z = (1 — tih) x +
tihl'/ and A;L'jh/ = x;h,—xjh/. Slmllarly, mgh_ (tih) = Zj,h’ [ t‘)wﬁﬁ )]1A$jh’<0 + ﬁﬂA%h,N) Al'jh/ .
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Thus we have mj,  (t;x) and mj,_ (t;,) must be within interval [—M;p,, M;p,] where

Mih = Zmax < ) ‘ijh’

7R
Thus Fj, (2') — Fy, (x) = mip(1) — mix(0) must be also within interval [—M;,, M;p]. That is

0+ Fip (2)
al‘jh/

0_Fi, (%)
al'jh/

‘Fih (m’) — Fyp, (x)‘ < Zmax
g

(‘ Iy Fip, (2)

c%cjh,

0_Fip (2)
893jh/

> ‘A%‘h'

7 !

Since the above expression holds for any i, h, we have max |Fy, (2') — Fyp, ()| < 32, (A) ), max | Az
J J

Thus we establish a contraction mapping as in Theorem A.l, which gives us the existence and
uniqueness of the solution in equation x;;, = Fj, (x).

B.1.4 Remark 4

Consider first the equilibrium system (7) with constant elasticities, which can be written as follows:

)‘hl'ih = Z Kijh H l‘?;;,hl, (53)

JEN h'eH

where A\, > 0 is endogenous. If p (A) < 1, we have the same conclusion as in part (ii)b: the {x;,}
of any solution is column-wise up-to-scale unique. The proof of this result is exactly the same as
part (ii)b of Theorem 1.

For p (A) < 1, particularly it is possible to subsume the endogenous scalars into the equilibrium
outcomes through a change in variables, expressing equation (53) as in equation (1). To do so, define
Tin = xin [ ey )\ZW, where djis the hh/t element of the H x H matrix (I — )" and o = (app)
(i.e. a is the matrix of elasticities without the absolute value taken) so the system becomes:

~ ~Q /
Tip = E Kijn H Tipr

JEN heH

Note that because p(A) < 1, then so too is p(e) < 1, so that (I — a) ' exists. From Theorem
1 part (i), the {Z;;} are unique and can be calculated using an iterative algorithm, which in
turn implies that the {x;,} are column-wise up-to-scale unique. (Separating the {x;;} and {\,} to
determine the scale of {z;;, } requires the imposition of further equilibrium conditions, e.g. aggregate
labor market clearing conditions).

Consider now equilibrium system (7) with H additional aggregate constraints Zf\; 1 Tin, = Cp
for known constants ¢, > 0.

The second result concerns the general case with an endogenous scalar:

N
Min = Y fijn (i1, s Tim)
=1

with H additional aggregate constraints le\i 1 Tip, = ¢y, for known constants ¢, > 0. Substituting
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in the aggregate constraints allows us to express the equilibrium system as:

N
v =3 fign (1, - 2im)
(2 - N N )
j=1 et e fuan (1 - )

h

where the denominator is equal to the endogenous scalar, i.e. A\p, = é Zé\;l Zl]\;1 frn (Ti1, ooy xim ).
We can define the new function:

fijn (%51, 0, 250H)
N N
o ket e S (@1 s i)

so that the equilibrium system becomes:

ijn ()

N

Tin =Y gijn ().

j=1
We can then bound the elasticities, following Remark 1. Note:

8111 gij,h . aln fij,h 1m:j _ Z (8111 fom,h) fom,h ({wm,l})

Olnzy,, Olnzjy Olnzy; ) >, Zp Jop.h {2pi})
Lifm=g . . :
where 1,,—; = 0 ifmj is an indicator function. Thus,
itm#j
0ln g, z
‘gl]’h <Al 1m=j + [Apil 2g Jom Umi})
Olnwy,, >0 2p foph {Tpi})

Furthermore,
Z ’ a ln gi]’,h
— Olnxy,,

Hence, from Remark 1, we have uniqueness as long as p (A) < %, as required.

Zm Eo f0m7h ({xm,l}) _
S5 Fot () 2 AR

<Y A Lz + | An
m

B.2 Details of the Urban Spatial Model
B.2.1 Theorem 1, part (i): General spillovers

The following sufficient condition for uniqueness
20 203
p<20a 29[3)<1'

is equivalent with p (8 (o + 3)) < 3. To see this simplify spectral radius p < 20 2603 )as .

20 208
Vo

and denote its associated eigenvector as ( "
B

> where both v, and vg are H-by-1 vectors. Thus
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we have
20 208 Vo \ _ Vo
<20a 2eg><uﬁ>_r<% -
20cv, +20Bvg \ , Vo
20av, +20Bvg ) vg )’
which implies v, = vg. Thus, 20 (o + B) vo = rv4. According to the Perron-Frobenius theorem,
there is a positive number § = p (8 (a + 3)). Therefore p (6 (a + 3)) < 1 implies r < 1, as desired.

B.2.2 Theorem 1, part (ii): Constant elasticity spillovers
0 08(1-68)""|
‘904(1—004)_1‘ 0

here, is weaker than p (8 (|| +[8|)) < 3, the condition required in the case of general spillovers
given above. Suppose that for v, and vg H-by-1 vectors,

" _OGQ)_1’ R A TE IR

03 (1-608)"" vz < Vo )
=c =
Oa(I—0a) | v, v

Now we show that ¢ = p < 1, the uniqueness condition

‘Ga(I - 0a)_1‘ ‘Oﬂ (I aﬁ)—l( vs = cFug.

Thus it is equivalent to show that p (‘Oa(l - 001)71‘ ‘0,@ (I- 0,@)710 = ¢? < 1. Define H-by-
H matrix & where (8),,, = max (0 |al),, . (0 |8]),,). Clearly, ‘9[3 (I- Gﬁ)’l‘ < (918)" <
Oa(l — 0a)71‘ <32, 8", Thus,

>°>° | 8" where the inequality is element-wise; similarly, ”

n=1

oo o0 o0 2
p (‘Ba(I - Oa)_1’ ‘Hﬂ (I 03)—1‘) <p (ZJ”Z(S”) - <Z 5”) .
n=1 n=1 n=1

Here, p (> 2, 6") = 1f(p§()5). Furthermore, p (8) < p(6 (Ja| +8])) < 3. Thus, p (>0, 6") < 1,
which is as desired.
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